EULER'S
INSTITUTIONUM CALCULI INTEGRALIS VOL. 1l

Section I. Ch. V
Translated and annotated by lan Bruce. page 991

CHAPTER V

CONCERNING THE INTEGRATION BY FACTORS
OF DIFFERENTIAL EQUATIONS OF THE SECOND
ORDER INWHICH THE OTHER VARIABLE |y]
DOES NOT EXCEED ONE DIMENSION

PROBLEM 107
865. With the element dx assumed constant, if this equation is proposed :

ddy + Adxdy + Bydx2 = Xdx?,
where X denotes some function of X, to find a function of x, by which on multiplication
this equation is made integrable.

SOLUTION
There is putdy = pdx, so that a form of first order differential equation may be

considered :
dp + Apdx + Bydx = Xdx,,
which multiplied by a certain function of x, V , is made integrable, clearly

Vdp + AVpdx + BVydx = VXdx

where since the last term VXdx shall be integrable, the same by necessity in the first terms
comes about. But initially it has been observed that a part of this integral shall be Vp, thus

there is put Vp+ S, so that there becomes Vp+S = jVde , and there is made

dS = —pdV + AVpdx + BVydx or dS = dy(AV —%—\;)+ BVydx,

which form can be rendered integrable on taking V = e*X: for there is made [a total
derivative of dS]

dS =e™((A-1)dy+Bydx) and S =(A-21)e™y,

where A thus must be taken, so that there is made AA—-AA1 =B or

AL-A1+B=0.
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Then therefore there shall be
ep+(A-1)eMy= Je“de or dy+(A-21)ydx= e‘“je“de ,

(A-2)

which now multiplied by e X shall be integrable again and gives

elAxy J.e(A_M)deJ. e Xdx.

Since A shall be one root of the equation 44— A1+ B =0, if we put both the roots of
this fand g, so that there shall be 4 = f, there willbe A— A =g and the equation of the

integral [on integrating by parts]

ePy= Ie(g_f )de'[efXde
or
ey = g%e(g_f )XJ.efXde—g_%jeQXde
which changes into the form found above [§ 856]

__1 o Ix[afx 1 A—9X [ 0%
y=gr¢ Je de—g_—fe Je Xdx.

COROLLARY 1
866. Therefore the proposed equation or the equation arising from that

dp + Apdx + Bydx = Xdx

shall be integrable, it is multiplied by e with AA-AL+B=0 arising, and thus a
twofold factor is considered, either ™ or .

COROLLARY 2
867. Moreover with that multiplied by the factor e™  the integral of this will be

dy + gydx =e~ f"dxje XX dx

and thus by integration it is reduced to a differential equation of the first order,
which again is rendered integrable, if it is multiplied by e%*.
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SCHOLIUM
868. It is thus required to determine the multiplier V, so that the formula

dy AV —9¥)+ BVydx

shall be made integrable by itself. But then, since V is a function of x, the integral will be
y(AV ) from which by necessity there becomes

AdV — 99V = Bvdx or ddV — AdxdV + BVdx? =0,

with the integration of WhICh equation depending on finding the factor sought V. But it is
sufficient for the particular integral of this to be taken ; provided in fact that the proposed
equation is returned integrable, and an arbitrary constant is introduced into the integration
to return the complete integral.

PROBLEM 108
869. With the element dx assumed constant, if this equation is proposed :

ddy + Pdydx + dex2 = Xdx?,

where P, Q and X are some functions of X, to find the multiplier V, which shall be a
function of x, by which that equation is returned integrable.

SOLUTION
Because the equation of the integral arising is multiplied by V

Vddy +VPdydx +Vdex2 =VXdx?,

the integral of the first part is put equal to Vdy + Sydx ; for it cannot have any other form
and it is required to become

VPdydx +VQydx? = dydV + Sdydx + ydSdx ;
where since S by necessity shall be a function of x, there will be

VPdx =dV +Sdx and VQdx=dS.

Moreover from this there is S =VP — whereby the multiplier V must be defined from
this equation
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VQdx =VdP + PdV —99% or ddV — PdVdx +Vdx(Qdx—dP)=0;

which therefore if it can be resolved, or if rather some particular integral of this is known,
so that the multiplier V is obtained, then the integral of the proposed equation will be

Vdy + y (VPdx—dV ) = dx [VXdx,

[The proposed equation gives : Vddy +VPdydx +Vdex2 =VXdx?; and since
VQdx=dS and VPdx =dV + Sdx

there is found d (VP —9L) =ds, then VQ=d.(VP—9L).
Hence Vddy+VPdydx+ yd .(VP —%—\;)dxz =VXdx?. Hence on integrating,
Vdy — I dvdy + I VPdydx + ydx(VP —%—\;) - '[ dxdy (VP - %—‘)ﬁ) = dx J. VXdx,

or, Vdy + y(VPdx—dV ) = deVde as required.]

which again is rendered integrable, if taken by L-e/P%

W ; indeed the integral will be

obtained
Vlefpdx = I\%—Xefpde‘Vde or y= e‘fpd"vj'ej Pdx \‘}—\’;JVde ,

from which with the double integral sign there is introduced twin arbitrary constants
constituting the complete integral.

COROLLARY 1
870. Hence finding the multiplier V also depends on the resolution of a second order
differential equation, but which is considered simpler than the original, because the
function X is not involved, and the quantity V with its differentials dV and ddV have a
single dimension everywhere.

COROLLARY 2

871. But if hence there is put V = eV
[in the equation ddV — PdVdx +Vdx(Qdx—dP)=0 ]

then the quantity v will be determined by a differential equation of the first order

dv +vvdx — Pvdx+Qdx—-dP =0,

of which, if at least with a particular integral established, the integration of the proposed
equation can be concluded.
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COROLLARY 3
872. But with the multiplier V given, in turn an account of the proposed equation can be
defined, so that the integration comes about in this way. For there shall be either

Q —dP L PdV _ ddV_ or dp +Pdv PdV de+ ddv

dx T Vdx  vde? Vdx ’
or on integrating,
PV = 9%+ [QVax or P =&Y + 19
EXAMPLE 1

873. To define the form of the second order differential equation
ddy + Pdydx + dex2 = Xdx?,

so that it comes out integrable on being multiplied by e

On putting the multiplier V =/ = g#¥

this equation :

there will be v =1 and it is required to satisfy

AAdX — APdx+Qdx—-dP =0,
from which there arises
Q=AP-A1+%.
Therefore initially this eventuates, if P and Q are constant, consider P=A and Q =B,

and then A is required to be defined from this equation : A1 — A1+B =0, which is the
case treated above [8 865]. Now besides whatever function P should be of x, provided

that there shall be the equation Q = AP - 14 +‘é—§, the [proposed] equation taken by

e**will become integrable, with the integral arising
e™(dy+ydx(P-4))= dxje“de
or
dy+(P—4)ydx = e‘“dxj e Xdx,

which further multiplied by e/ %=X

y = e—dex+/1xJ'edex—2/1dej e XX dx .

and integrated gives
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COROLLARY
874.Let P=A +ax and Q=B+ gx; there will be

B+ fAx=Al+alx—Ail+a, therefore B=A1-Al+a and f=al,
from which on account of A :g , it is required to prepare the coefficients A,B,«a,f

thus, so that there shall be
Baa =Aafi- B+’ or Baa+ff=a(AB+aa).

EXAMPLE 2
875. To define the form of the second order differential equation

ddy + Pdydx + Qydx? = Xdx?,

so that it is made integrable on multiplying by e/V®with v = 4 4 ux" present.

Since there must be [by §871]
dv +vvdx — Pvdx+Qdx—-dP =0,

there will be
2 n-1_ AP N, A n-1 2n dP _
— Lot X = AR = pPXE 2L+ 22X+ pux T +Q g =0,
ergo
A(1-2 -
Q= (XX )—(2/1+n)yx” Lyt + 2B " 4 4B

We can put P =%+ Bx" ; there becomes

Q:%(/1—/12+aﬂ—a)+Xn_l(ﬂ/1+a,u+ﬂn—21,u—n,u)+in(,B,u—,u,u)
Let Q= %+5x”‘1 +ex?" there is required to become
AMM—(a+1)A+a+y=0, B(A+n)+u(a-22-n)=5 and u(f-u)=¢ [*],

from which not only the letters of the multiplier 1 et x defined, but also a certain relation
between the letters«, S, 7,0, ¢ is defined.

Just as if there shall be =0 and §=0, then (1-a)(1-1)=0, from which 1=« ;
then (B—u)(a+n)=0,hence a=A=-n and pu—pu+e=0. Clearly the equation
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ddy + dxdy(ﬂxn —%) +ex?ydx? = Xdx?

ejvdx

receives the multiplier with v = —%+,ux” arising on taking 4 thus, so that

uu— pu+e=0. Hence the multiplier will be

Mo N+l n+l

v=leiX" gng efPH = 1gwrt
Xn

Xn
- 1 n+1 _ - - -
Whereby if we put -, X = =t, there will be [from the final formula for y in §869]
_ yNa=Bt 1 qut [ oBt=2ut 0y [ eXd _ o= [ ol B-21)t 41 [ e Xd
y=x'e " -e Ie xdeeXnX or y=e Ie dtIeXnX.

COROLLARY 1
876. If there is taken » =0 and & =0, there will be [from * above]

u=pB, pa-1)=6 and (1-a)(1-1)=0,

hence A=1and §=(a-1)p and thus P=2+Ax", Q=(a-1)Ax""and
the multiplier of the equation
ddy + (%+ Bx" )dxdy +(a—1) px" tydx? = Xdx?

is V =V - with v =2+ ux", thus so that there shall be

V=xen®  and /P = x2eiaX

COROLLARY 2
877. Hence in this case on putting %x”” =t, the integral

[y=¢! devjef Pax dx. '[ VXdx ] will become
y=el? _[ e”“ze"mdxj.eﬁt Xxdx

which is unable to show a simpler form, because hence in general the formula
e P'e*~2dx cannot be integrated.
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SCHOLIUM
878. Therefore as with the discovery of the multipliers, which render integrable an
equation of this kind

ddy + Pdxdy + dex2 = Xdx?,
the solution of this equation is required,

ddV — PdVdx + Vdx(Qdx—dP)=0,

which is seen to be contained in this form [i.e. the solution is what we now call the
complementary function, where the 'force term' in dynamical equations, or right hand
side is zero.]

ddy + Pdxdy + dex2 =0,

just as also this form is required to be treated with multipliers. If the multiplier of this
equation is put as V, a certain function of x, then in turn the preceding form

ddV — PdVdx +Vdx(Qdx—dP) =0,

IS come upon, and setting the multiplier of this = U, for a function of x, this may be
defined by this equation :

ddU + PdUdx +QUdx? =0

thus so that it is sufficient for either of these two equations to be resolved. And above
indeed , where we have put y =uv, we have come upon the latter equation. But it is no

wonder that the one of these two equations depends on the other, since the first arises
from the second on putting U = e 1Py | and indeed the latter from the former on putting

V =e/PU | as it will be clear which one is easy to attempt [in trying to find a solution].
Therefore a difficulty, if it should arise, may not be possible to removed, and has to
be investigated in this manner, or perhaps a multiplier of this kind completes the work,

which involves each variable x and y with its differentials dx and dy or p = % . But now it
is easily seen with differentials excluded that this cannot happen; for if V should be the
multiplier, a function of x and y, from the first term ddy the integral part Vdy arises, but
with which differentiated on putting dV = Mdx + Ndy there may be involved in the
differential the term Ndy2 not occurring in the equation, which also cannot be removed
by the remaining parts of the integral. In as much as we try to solve the problem by

multipliers of this kind, which also embrace the ratio of the differentials p :% ,and
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since the dimension of y with its differentials shall be a number of the same dimension
everywhere, then it is necessary that the same property also be present in the multiplier ;
if indeed different parts should be present, the working of the individual parts are to be
completed separately.

PROBLEM 109
879. With the element dx assumed constant to define the conditions, so that a multiplier

of this form Mp+ Ny with p :% arising, and with both M and N functions of x may
return this equation integrable

ddy + Pdxdy + dex2 =0,
where P and Q are functions of x.

SOLUTION
On account of dy = pdx our equation is

dp +Ppdx +Qydx =0,
which multiplied by Mp + Ny becomes
Mpdp + Nydp + MPpdy + NPydy + NQyydx + MQydy =0,

which is required to be integrable. On account of the terms affected by the differential dp
a part of the integral will be %Mpp + Nyp, from which the integral itself is put in place

= % Mpp + Nyp + S ; of which the differential, since that equation must be provided, we
will obtain therefore

dS = MPpdy + NPydy + NQyydx
+MQydy

— ppdM — ypdN

—Npdy

as far as the formula is required to be integrable; which since only a differential of the
first order dx and dy is included, it is necessary, that the quantity p be removed from the
calculation. Hence on putting dM =M'dx and dN =N'dx onaccount of pdx=dy

the first term containing p must be reduced to zero, so that there shall be

MPpdy —%M" pdy — Npdy =0
or
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MP-1M'-N=0 or N=MP-dM

Then truly there shall be
dS = ydy (NP +MQ—N")+ NQyydx,
the integral of which formula is

[i.e. in modern terms, we have dS = 2-dx+2> Sayl

S=1yy(NP+MQ-N") or S=yyjNde,

which two forms are required to agree, from which there becomes

NP + MQ — zj NQdx
or
NdP +PdN +MdQ + QdM — 44N _oNQdx =0, [*]
which equation joined with that N = MP — 27 determines the conditions sought ; and

then the equation of the integral is produced.

COROLLARY 1
880. If the functions P and Q are given and from these it is required to define M and N,

on account of N =MP -9 there will be dN = MdP + PdM -4 and the function M
can be defined by this equatlon [on substituting these two equatlons into [*] above] :

d° 3Pdd d dd
AW _ 3500 (PP -5 1 2Q)dM + M (2PdP - % —2PQdx +dQ) = 0

which on account of the equality supports a differential of the third order .
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COROLLARY 2
881. But if the multiplier Mp + Ny is given, the equation itself is defined thus, so that in

the first place P = from which from the other [*], which is

2Md '
QdM _ 2NQdx _ ddN _ d.PN
Q+=F "] =M~ M
and this multiplied by Me 2 ‘™M gives the integral

—2[N -2/ (ddN _ d.PN
MQe —Je (—de 4 )

COROLLARY 3
882. Let this integral = Z and there becomes

7 :e—ZJNVdX(%_I:_pN)_i_J‘e—ZJNVdX(%_ZPwANdX)'

which with the value substituted for P the latter term changes into

e—ZJNV"X 2NdN _ 2N3dx _ NNdM
M MM MM )’

_2[Ndx
the integral of which is evidently e 2/ AL, thus so that there becomes

_ o 25 (dN _ NdM_
Z=e (dx 2de)+C

T _ a2 (dN _ (N, _dM 2[ % NN
[for on substitution, Z =¢ “'™ (W‘(V+2de)N)+e v N etc.]

and thus

_C 2 L dN __Ndw
Q=" " +Vdx ~ 2MMdx*

COROLLARY 4
883. Hence for this proposed equation :
[on subst. for P and Q into the original differential eqn.]

ddy (N Cdx o2/ | dN _ NdM | _
dx+(M+2de)dy+( e M+ —2mm | =0
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that on multiplying by Md—‘>j(y+ Ny shall become

Mdy?
2dx?

Nydy

+

+1 yy(Cesz +NW) Const.

SCHOLIUM
884. Therefore since it is allowed to accept any functions of x for M and N, hence we
have been able to produce innumerable forms of second order differential equations,

which we are able to integrate with the aid of the multlpller Y + Ny. Evidently the
general form, which are rendered integrable by this multlpller, is as we have seen,

oY (dM +2Ndx)+

2
v 2MAN — NaM +2CMe?/ & x|

with the integral itself arising

Mdy®  Nydy  1..,(NN
2dx2+ o TIWI WM +Ce

2[Ndx)

where is evident that each exponential part involved with the constant C can be ignored,
since that shall only be a predetermined property. But if we reduce the exponential part to

an algebraic part on putting 2V — L , then there shall be

Ndx _ dL _ MdL
2w =1 and N=qo/%

and hence

MddL , dLdM _ MdL?
AN =5l + 2Ldx ~ 2LLdx”

from which the [above] form itself

ddy ﬂ_M d_) ddL , dLdM _ dL®> |, 2CLdx
dx+2dx(M L) oY\ Lax T 2tMdx " Thax ™M )

MydL
2Ldx

which multiplied by =5 Mdy + gives the integral

Mdy? Mydey 1 ( MdL )
2dx? 2Ldx? T2 W 4LLd z+CL

Or if we put M 4 AL — 20K 5 that there shall be M =XK., our second order differential
equation shall be
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dx Tdx K "Ldx ~ 2LLdx ' KLdx KK

2
ddy . dy dk +%y(d d.dL +deL+2CLde) 0,

which multiplied by X (di ZySé_) will give the integral

KK (dy® | ydLdy ( dL? CLL) _
2L(dx Lo I\ Gl TRk Const.

EXAMPLE 1
885. Let K =x"(a+ x)n and L=x“(a+ x)v; there shall be

dK _m n _MaHmenx g v
Kdx — x ' a+x x(a+x) 7 Ldx T x " a+x’
from the coefficient of L ydx shall be
M v MW w Mg mvinu nv

X (asx)? 2% x(atx)  p(a+x)’ X X@HX) T (atx)

+2Cx* "M (a+ X)ZV_2n

or

2m—p—2 - v(2 2 2v-2
#(”21# )+mv+n/¢ W, v(2n-v—- )+ZCX2,U Zm(a+X)V n
T e )

where it is pleasing to note the following cases.

I.Let m= g +1and n=v; the coefficient of %ydx shall be

pu+dC | V(pl) | v(v-2)
XX + + 7 -
X(a+x) 2(a+x)

Hence this equation

@+dy(”—+l+ v )+ ydx[“‘”4C L 2ue) | V(V_Z)J: 0

X(a+x) (a+x)2

multiplied by

xH+2 dy (s v
(EH-X) (dx+(x+a+x)

J
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gives the integral

1y u+2 dy? | ydy v 1 puu+dC 2y w _
2 X (a+ X) (d 7t 0 + arx ) TaW| T T x(a+x) * (a+x)’ )| Const.

Il. Let m=u+% and n=v+1 ; the coefficient of £ ydx itself will be

wu(u-1) | 2un+p+v+4C | v(v-1)
2 2arn) T oa)

Hence the equation

ddy " dy( 2p+L | v+l )+ 1 de( w(p-1) L 2ppvAC v(v-1) jz 0

2(a+x) XX x(a+x) (a+x)2

multiplied by
e an) (G dy(§a)

will give the integral
%x/”l(a+x)v+l(dy +ydy( + )+ yy( 4 2vAC | w 2D:Const.

dx? | dx a+x x(a+x) (a+x)

I1l. Let m= g and n =v+1; the coefficient of %ydx itself will be

/‘(/‘_2)+ﬂ(ﬂ+1)+ w+4C
>
2XX x(a+x) 2(a+x)

Hence the equation

ddy+dy( a+x)+ de( H(p- 2)+2:“(V+1)+vv+4CJ= 0

X(a+x) (a+x)’

multiplied by

v+2 [ dy
(@) (L dy(£+2%)
will give the integral

1M v+2( dy? | ydy v\ 1wyl a2y weac ||
Lx*(a+x) e L)+ Ly XX+X(a+x)+(a+x)2 = Const.



EULER'S
INSTITUTIONUM CALCULI INTEGRALIS VOL. 1l

Section I. Ch. V
Translated and annotated by lan Bruce. page 1005

COROLLARY 1
886. In the first case letv=2 and C = —% ; this equation will be obtained :

ddy (u+L)a+(u+3)x (+1)ydx -0
dx x(a+x) x(a+x)

which multiplied by

2 2(d pa+( pu+2)x
x4 (a+x) (d_i_'_ 2x§a+x)) y)

gives this integral

2

dx? x(a+x)  dx X(a+X)  (a+x)

COROLLARY 2
887. In the third case let =2 and C =-vv; this equation itself will be considered :

ddy 2a+(v+3)x  (v+1)ydx _
dx x(a+x) x(a+x)

which multiplied by

will give the integral

lxx(a+x)v+2(M+ﬂ(2+L)+W(l+ v )):Const.

2 a2 dx \x " a+x X< x(a+x)

EXAMPLE 2
888. Let K =x™(aa+xx)" and L=x*(aa+xx)"; there will be

Kdx X aa+xx Ldx X aa+xx

dk _m , _2nx and AL — A 2w

and the second order differential equation adopts this form

ddy m, _ 2nx ) 1 u(2m—p=2) - 2nu+2v(m-p+1) - 2v(2n-v-2)xx 2Cx2u2m | _
dx +dy( x T aa+xx 3 de 2XX + aa+xx + (aa+xx)2 + (aa+xx)2n72m =0

of which taken by
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2m-pu 2n-v(dy  1.(4, 2v
X (aa+XX) (dx+ y x+aa+xx

the integral will be

2
1y 2m—yu 2n-v| dy* ydy ﬂ 2ux |, 1 ﬂ 2ux 4Cx2+-2m _
2 X (aa+xx) o ax an) TaW | S taenx) o™ )| Const.

Here we set out the case, in which the second order differential equation maintains this
form :

ddy m,  2nx ) F Gxx_ |—
+dy( + o)+ L ydx D+m+ ot - 1=0.
(aa+xx)

1. There may be taken z=m and v=n , and there will be
D=2C, E:%m(m—Z), F=2n(m+1)and G=2n(n-2).

I. There may be taken z=m-1 and v=n , and there will be
D=0,E=2C+3(m- 1) F=2n(m+1) and G=2n(n-2).

I1l. There may be taken x=m-1 et 2n—-2v=-1 seu v:n+% ; and the final term
will be

2C(aa+xx)

- 2Caa
XX =2C+ =2

Hence
D=2C,E=2Caa+% (m 1) F=2(mn+n+1), G:%(2n+l)(2n—5).

IV. There may be taken u=m et 2n—-2v=1 seu v=n —% ; and the final term will

be

2C
aa+xx’

and thus
D=0, E :%m(m—z), F=2C+2mn+2n-1, G :%(Zn—l)(Zn—3).

V. There may be taken z=m+1 et v=n —% ; and the final term will be

2Cxx  _ _ 2Caa
aa+xx 2C aa+xx

and thus
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D=2C, E :%(m+1)(m—3), F =-2Caa+2n(m+1), G :%(Zn—l)(Zn—S).

VI.Let u=m-1 et v=n-3;the final term will be

2C _2C _ 2C

xx(aa+xx) ~ aaxx  aa(aa+xx) '’

from which there becomes

D=0,E=2+1(m-1)°, F==2C+2mn+2n-2, G=1(2n-1)(2n-3).

a
VIl. Let z=m+1 and 2n-2v=2 or v=n-1;the final term will be
2Cxx _

(aa+xx)’

and thus
D=0, E=1(m+1)(m-3), F=2n(m+1), G=2C+2(n-1)°.
VIIl. Let x=m+2 and v=n-1; the final term will be

2cxt C _ 2Caa _ _2Caaxx

(aa+xx)2 aa+xx (aa+xx)2 '

from which there becomes
D=2C, E=1(m+2)(m-4), F=-2Caa+2mn+2n+2, G=-2Caa+2(n-1)’.

IX.Let u=m and v=n-1; the final term will be

2C  __2Caa _ _ 2Cxx
(aa+xx)’  @a(aa+xx)  aa(aa+xx)’

and hence
D=0,E=im(m-2),F =X 12mn+2n-2, G==L+2(n-1)°.

X.Letgu=m-1 et v=n-1;and there will be the final term

2C __2C _ 4C + 2Cxx

xx(aa+xx)’ ahx  a'(aa+xx)  a*(aa+rxx)’’
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and hence
_ 2
D=0,E=2C+3(m- 1, F ==F+2mn+2n-4, G =2¢+2(n-1)".

PROBLEM 110
889. With the element dx assumed constant, if K and L denote some functions of x, to
find the complete integral of this second order differential equation

ddy  dy dk , 1 dL _ dL? dKdL , 2CLLdx
o o e T YT st e ) = 0.

SOLUTION
Because this equation is rendered integrable, if it should be multiplied by

KK (dy , ydL
(o 2t

dx = 2Ldx

the complete integral of this, as we have seen above [§ 884:], is

dy | ydL CLL
((dx+ dx) + === yy) Const.,

as a differential equation of the first order is required to be integrated at this stage. Which
shall be especially difficult on account of the indefinite constant, with that ignored in the
first place at any rate we may investigate the particular integral. Hence there will be from
the equation :

2
dy  ydL CLL \y —
(dx+ dx) +KKyy_O

on extracting the root

Wb TE o Yk
2L

— Ldx /_
‘dx " 2Ldx y - C,

K

from which there becomes
yVL = ae! e

Therefore since these two values satisfy the proposed second order differential equation

and y= ie_ILTdX\/I :

ﬁ
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the two together also will satisfy the equation ; from which since two arbitrary constants
are introduced, the complete integral of this will be

Ldx /_C Lix./_C
y= g
which expression shall prevail, if the quantity +—C were real ; but if it were imaginary,

then it becomes
y:%sin.(J‘LTdX\/E+§)

and thus the complete integral of the proposed second order differential equation shall be
complete.

COROLLARY 1
890. Hence therefore we prevail to assign the integral of the first order differential
equation

dy , yd )2 CLLy AL
dx = 2Ldx

KK~ KK’
which by itself is difficult enough, which is

_ o RN B 1eV-C
y=-fe T e,

but only if there should be a relation between the constants « and £ that may be defined
with respect to the constant A.

COROLLARY 2
891. But it will become, on multiplying by\/f and on differentiating

L + 2 st [E o [

hence

dx = 2Ldx K

dyJr ydl _ M_(aefﬁi*ﬁ_ﬁe—wﬁ)
from which there becomes [from §890]

+ pe

KK ~ KK

2 2
_CL ael%@_ﬂe—w‘“ﬁ) +%(aewﬁ —JLKNI)
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and thus A=4Caff or fg= 4Ca
SCHOLIUM 1

892. Therefore since the proposed equation is allowed to be integrated with the help of a
suitable multiplier, still the other integration will be seen to be oppressed by the greatest
difficulties. Yet meanwhile with the help of a substitution that differential equation of the
first order is readily reduced on being treated ; for on putting

y =% so that there becomes dy~/L + ij = dz, there arises
( dz )2+CLzz AL
dx+/L K

hence 4 =L [(A-Czz) \/(A(isz) L& ‘which gives the integral

I(z —C +,/(A- sz)) ILdX —C +1B,

from which the preceding integral is elicited.

The remaining form of our second order differential equation can be shown a little
easier in this way. If P et R shall be some functions of x and there is assumed the constant
element dx, the complete integral of this equation

ddy—dy(%PJFdFR)_y(d_de’ dEgR+aaFli:)Fé)dx) 0

twice integrated is

_aJ‘LdX

— aPe? ¥ ;
y =aPe + faPe :

if indeed a is a real quantity. But if a=0, then there shall be

“elassf)
but if there shall beaa = —cc , then
y= aPsin.(,B+ch?dX).

Then truly that equation is rendered integrable, if it should be multiplied by

RRdx (dy _ﬂ)

and the first integral will be
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2
1 _ydP\° _ aaRR ,24y2 | —
RRdx’ ((dy P ) 55y dx j—Const.

Hence it is apparent that the substitution y = Psmay be used conveniently in that second
order differential equation, by which that is transformed into

dP _dR RR 2 _
ddz+dz(?—?)—a§‘,—Pzdx =0,
which multiplied by%&ﬁ shall be made integrable at once. Since also on putting% =S,

so that there is given

dSdz _ aazdx® _
ddz + 3L -2 = 0,

the multiplier SdS_XdZZ gives at once the integral

2
s,zsdcizz _ % aazz = Const.

SCHOLIUM 2
893. Hence in turn from this most simple form

SSddz + SdSdz — aazdx® =0,

which multiplied by dz is rendered integrable, we may be able to derive the more
complicated forms on putting z = % and S = %. Which in whatever general forms have
been evident enough, yet in most examples shown this derivation has been hidden

exceedingly well, as much as they are able to come to mind.

Just as in the cases set out in § 888 if we assume no. IX m=2 and C=(n —1)2 aa,
there becomes D=0,E =0, F =2n(n+1) and G =0, from which there may be
considered this equation

n(n+1)ydx 0
aa+xx

ddy 1. nx )
dx +2dy(x+aa+xx +

or
2dxdy(aa+(n+1)xx)  n(n+1)ydx?
x(aa+xx) aa+xx

ddy + =0

which is rendered integrable with the aid of the multiplier

xx(aa+ XX)n+1 (d_y y(@a+nxx) )

dx * x(aa+xx)

with the integral arising
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2 2
1 xx(aa+ xx)n+1 % [ ylaarmo) )7 (n-d) 38 1= Const.
X(aa-+xx) (aa+xx)

Hence for the particular integral there shall be

ﬂﬁ-ﬂ—i- (n-1)xdx _4 (n-1)adxv/-1
y X aa+xx aa+xx

from which it is deduced

n-l
2

n— +
xy(aa+ xx)Tl = a(:i;‘—\/\/::i)

Hence the twofold integrals joined together give the complete integral
—n+l —n+l
y:%(a—x\/——l) " +§(a+x\/—_1) " .

But in this case our equation may be reduced to the simplest form with the help of the
1-
2

substitution y = i(aa+ xx)J, the account and finding of which is observed with more
difficulty.
PROBLEM 111

894. With the element dx assumed constant to investigate the conditions, by which the
second order differential equation

ddy + Pdxdy + dex2 =0
is rendered integrable with the help of a multiplier of this form

ydx?
Ldy?+Mydydx-+Nyydx?® ’

with the letters L, M, N, P, Q denoting functions of x.
SOLUTION
There may be attributed to the denominator of this fraction such a form :

(dy + Rydx)(dy + Sydx)

and with a little attention summoned it is apparent that an integral of this form is to be
considered
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dy+Rydx
v+l dy-+Sydx

of which hence there must be produced the differential equation proposed. But
differentiation gives

= Const.,

(S—R)ydxddy-+( R-S )dxdy’+ydxdy(dR—dS )+ yydx*( SdR—RdS )

av + (dy-+Rydx)(dy+Sydx)

=0,

which reduced to the common denominator becomes
(S —R)ydxddy + (R —S)dxdy? + ydxdy (dR —dS )
+yydx? (SdR — RdS ) + dVdy® + (R + S ) ydxdydV + RSyydx“dV = 0.

There is put in place dV = (S — R)dx , in order that the equation becomes divisible by y,
and thus this equation may arise :

(S—R)ddy +dy(drR—dS)
+ydx(SdR —RdS ) +(SS — RR)dxdy + RS (S - R) ydx* = 0;
which so that it may agree with the proposed form, there is required to become

_ dR—ds _ SAR-RS -

which values if the functions P and Q should be considered, the equation

ddy + Pdxdy + dex2 =0
multiplied by
(S—-R)ydx
(dy-+Rydx)(dy+Sydx)

will give the integral

I(S —R)dx+I dg’yﬁ{/‘;’( = Const.

Ifweput S=M+N and R=M —N, there will be

_ dN _ dM _ MdN
P=2M ~Ndx and Q—MM—NN'FW— Ndx
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COROLLARY 1
895. Hence whatever the functions of x are assumed in place of M and N from these
there are defined

_ MdN
P=2M -3 and Q=MM — NN +dM _ MdN

of which equation
ddy + Pdxdy + dex2 =0,
and the integral will be

dy+(M—N)ydx
2'[ Ndx +1 W = Const.
COROLLARY 2
896. If thereis put y = e/ our differential equation of the first order becomes

dz + zzdx + Pzdx+Qdx =0,

therefore the integral of this will be

ZJ Ndx+|%:00nst.

COROLLARY 3
897. If we wish, so that there shall be P =0 and an equation of this kind is considered
ddy + dex2 =0,
there must be taken 2M = Ndx and there shall be Q = d'V' —MM — NN, and the equation
of this integral will be

ZJ Ndx+|% = Const.

COROLLARY 4
898. But in general, according as the constant is taken as either + o or — oo, there will be

obtained this particular integral, either
dy+(M +N)ydx=0or dy+(M—N)ydx=0,

from which there will be
~J(M+N)dx {(M~=N)dx

y=ae ory=pe
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from which there is deduced the complete integral of our equation
y = e—jde(ae—dex +ﬂedeX).

EXAMPLE 1
899. Let M =@ and N = g; there willbe P=2¢ and Q =aa - £, from which the

integral of this equation
ddy + 2acdxdy + (e — BB) ydx* =0
will be

dy+(a—p)ydx
2%+ Qy(ar By Const.

But in finite quantities the complete integral is
y=eg % (Ae‘ﬂx + Beﬂx) :

But in the case, in which g =—yy, the equation
ddy + 2adxdy +(aa +yy) ydx% =0
twice integrated gives
y=e"*sin.(yx+C);
but if » =0, the integral of the equation
ddy + 2adxdy + aaydx2 =0
IS
y=e“(A+Bx).

EXAMPLE 2
900. If M =< and N = $x", there will be
—n-1
P :_Zax—n and Q :%—ﬂﬂxzn —%—(;—Q :—a(axxn )—ﬂﬂxzn.

Hence the first integral of this equation

2
ddy + (2a—?()dxdy 4 a(a—nx;l)ydx —ﬂﬂxzn de2 ~0

28 n xdy+(a—,6’x”*1)ydx B
=Ex | —— = Const.,
n+l xdy+(a+ﬁx”+ )ydx
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moreover the second integral

_ Xn+1 xn+l
y=x"* (Ae/;1 + Beﬁ”ﬂJ;
if =0, that will be
y=x*“ (A+ Bx”+1),
but if gg =—yy, then it will be
y= Ax‘“sin.(ix”+1+c).

n+l

COROLLARY 1
901. On takingn = 2« , so that this equation may be considered

dely - AL ppdayy® — g,

XX -

the complete integral of this will be

—ﬁxz‘”l ﬁxz‘”l
y — X_a (Ae 2041 4 Be 2a+l J’
if there shall be =0, then that will be
y=x"* <A+ sz‘”l),
butif G =—yy, there will be this integral
y= Ax‘“sin.(L x2etl C).

200+1

COROLLARY 2
902. We may put « =-1, so that we may have this equation

day - 220 — o,
hence the integral of which will be

Y2 s
y:x(AeX + Be X),

where it is to be noted, if there shall be ff =—-yy, the integral becomes
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y = Axsin.(§+C).

EXAMPLE 3
903. There may be put
— _AX"
a+px"’
so that there shall be Gl —m 52);; , and taking
Snx"

M =

so that there becomes [§ 895] P =0 and

Q:i_ﬂn(n—l)x"'2 N BBnnx"? _m Amnx"?  AAnnX*"E pAAxET
2XX 2(a+ﬂxn) 2(a+ﬂx” )2 4xx 2(a+ﬁxn) 4(0!+,BX” )2 (a+ﬂXn )2

or

Q=- m(m+2)  n(m-n+1)Bx" N BN 24 AAXET
A4xx 2(0!+,5'Xn) 4(a+,6x”)2

and on account of Ide :%IN there will be the integral
y :ﬁ(ce—dez n Dedez)

and of this equation ddy + dex2 =0.
In order that the expression of Q becomes simpler, this can be done in many ways,

while the numerator of the latter part is rendered divisible by a+ gx".

I.Let m=n-1and AAz%,Bﬂnn and here shall be Q = —T—X‘Xl, then indeed

1 pnx"t
N =225 and [ Nox=41(a+ px),
. . . (nn-1)ydx’ .
from which the integral of the equation ddy —-—_-—=0is

y:#(C+Da+Dﬂx”)

Il. Let 2m=-2 or m=-1 and 4AA = aann ; there will be
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Q=1 _ nngx"% | Annx"%—annx

4xx 2(a+ﬂx") 4(a+ﬂx”)
or Q=L a5 before.

Il. Let 2m=-n—-2 or mz%‘2 and 4AA=—% and there is made

Q=- nn-4 _ 3nnBx" 2 + nn(ﬁﬂxnfz_aﬂxfz_max,n,z)
~ 16xX 4(a+ﬂx”) 4[;’(a+[,>xn)

or
nn(aax’”’z—a,b’x’z—Z,B,b’x”’z)
43 a+px")

_ 4-nn
Q= 16xx +

which expression becomes

_4-nn , nn -n-2 _ -2\ _ 4-9nn nne
Q= 16xx T 4,6'(ax 25X )_ 6xx T 48xM2

Whereby, since there shall be
N = Nav-a xf%l

2y atpx
then there shall be
.[Ndx = ”“*/E I =
a+,6’x 2
There may be taken n =2, so that there becomes m = —% and both Q = —% and
98x3
N =lev—e._x°  hence [Ndx= “*/E :
3‘/7 a+ﬂx§ ‘[ j[m—ﬁﬁj 3

and thus the integral of the equation ddy + —%+ ydx2 =0 will be
9x3
1 —[Ndz | Ndz
y= N (Ce + De ) :

But if there is taken n =—2 so that there becomes m=—Z and Q =—2there will be
98x3

NN S R J-Ndx—‘“@j K ‘“gj. d
3\/7 a+ X 3 ax+ﬁx3 cxx3+ﬂ
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2
from which the equation ddy + “yd’i =0 is integrated in a like manner.

9/x3

SCHOLIUM 1
904. Hence the equation ddy + Axmydx2 = 0 has been allowed to be integrated in these

cases m:O,m:—4,m:—%,m=—% and m=-2 or m:—Zi%,m:—Zi%.Butif

further we putN = —2X_in a similar manner we will obtain the integration of that
a+pxX" +yx

case of this equation m =-2 J_r%, in which also the differential equation of the first order

is allowed to be integrated. But the investigation of these cases of the integration is

exceedingly laborious, as we pursue these more fully, since below especially [Cap. VII,

Probl. 118, starting from § 943] a method occurs for establishing all these more

conveniently.

SCHOLIUM 2
905. From these it is allowed to gather by how much we can expect to enjoy the proceeds
from the discovery of multipliers, by which also second order differential equations are
rendered integrable, even if the examples treated here only refer lightly to a specimen of
this method. But anyhow, there is no doubt that some forms of the multipliers I have
contemplated here, are able to call upon many other forms in like succession to be used.
Again in this chapter we have treated only second order differential equations, in which
the other variable y with its differentials dy and ddy maintain a single dimension
everywhere. Now the same method too can be extended generally to other equations of
this kind, which although little has been developed at this stage, yet the following
application will not be without the use of this method, where the integration of other
differential equations of the second order, which with the hardest considered being
treated by other methods, will be taught with the aid of multipliers.
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CAPUT V

DE INTEGRATIONE AEQUATIONUM
DIFFERENTIALIUM SECUNDI GRADUS IN
QUIBUS ALTERA VARIABILIS UNAM
DIMENSIONEM NON SUPERAT
PER FACTORES

PROBLEMA 107
865. Sumto elemento dx constante si proponatur haec aequatio

ddy + Adxdy + Bydx2 = Xdx?,
ubi X denotat functionem quamcungue ipsius X, invenire functionem ipsius x, per
quam haec aequatio multiplicata flat integrabilis.

SOLUTIO
Ponatur dy = pdx, ut habeatur forma differentialis primi gradus

dp + Apdx + Bydx = Xdx,
quae multiplicata per V functionem quandam ipsius x, fiat integrabilis, scilicet

Vdp + AVpdx + BVydx = VXdx

ubi cum posterius membrum VXdx sit integrabile, idem in priori eveniat necesse est. At
primo perspicuum est eius integralis partem fore Vp, unde id ponatur Vp+ S, ut sit

Vp+S = IVde , fietque
dS = —pdV + AVpdx + BVydx seu dS = dy(AV —%—\){)4‘ BVydx

quae forma integrabilis reddi potest sumendo V = e**; erit enim
dS =e™((A-4)dy+Bydx) et S=(A-1)e™y,

ubi A ita debet accipi, ut fiat A1—441 =B seu
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AA—ALl+B=0.
Tum ergo erit

e“p+(A—i)e“y=~[e“de seu dy+(A_,1)de:e—ﬂxJ‘ezdeX'

quae iam per el AA)x multiplicata denuo fit integrabilis datque
elA A0y — J‘e(A_M)deI e Xdx.

Cum A sit una radix aequationis A1 — A41+B =0, si ambas eius radices
ponamus fet g, utsit A= f, erit A—4 =g etaequatio integralis

ePy = Ie(g_f )deje X Xdx
seu

—f
ey =g+fe(g )XJ‘efXde—ﬁIegXde

quae abit in formam supra [8 856] inventam

y =g%e‘ij.efXde—g%e‘ng‘eg"de.

COROLLARIUM 1
866. Aequatio ergo proposita seu inde nata
dp + Apdx + Bydx = Xdx

fit integrabilis, si ducatur in e** existente A4 —AL+B =0, sicque duplex habetur factor,
vel e ™ vel ¥,

COROLLARIUM 2

ks multiplicata, eius integrale erit

867. Ea autem per factorem e
dy +gydx =e~ f"dxje XX dx

sicque per integrationem ad aequationem differentialem primi gradus reducitur,
quae denuo integrabilis redditur, si per e¥ multiplicetur.
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SCHOLION
868. Multiplicatorem V ita determinari oportebat, ut formula

dy AV —9%)+ BVydx

fieret per se integrabilis. Tum autem, cum V sit functio ipsius x, integrale erit
y(AV ) unde fiat necesse est

AdV — 99V = Bvdx seu ddV — AdxdV + BVdx? =0,

a cuius aequationis mtegratlone pendet inventio factoris quaesiti V. Sufficit autem eius
integrale particulare sumsisse; dummodo enim aequatio proposita integrabilis reddatur,
constans arbitraria pro integrali completo reddendo ipsa integratione introducitur.

PROBLEMA 108
869. Sumto elemento dx constante si proponatur haec aequatio

ddy + Pdydx + Qydx? = Xdx?,

ubi P, Q et X sint functiones quaecunque ipsius X, invenire multiplicatorem V, qui sit
functio ipsius x, quo illa aequatio integrabilis reddatur.

SOLUTIO
Quia aequatio per V multiplicata

Vddy +VPdydx +VQydx? = VXdx?

integrabilis existit, prioris partis integrale ponatur Vdy + Sydx ; aliam enim formam
habere nequit ac fieri oportet

VPdydx +Vdex2 = dydV + Sdydx + ydSdx ;

ubi cum S sit necessario functio ipsius X, erit

VPdx =dV + Sdx et VQdx=dS.

Inde autem est S =VP —‘(‘j—\)ﬁquare multiplicator V definiri debet ex hac aequatione

VQdx =VdP + PdV —99¥ seu ddV — PdVdx+Vdx(Qdx—dP)=0;
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quae ergo si resolvi poterit vel si saltem eius integrale quodpiam particulare innotescat, ut
habeatur multiplicator V aequationis propositae integrale erit

Vdy + y(VPdx—dV ) = dx [VXdx,

quae porro integrabilis redditur, si ducatur in ﬁejpdx ; obtinebitur enim integrale

y AJPdx _ [ dx 5JPdx _ o=/ Pdx [Pdx d
ve  =|we IVde seu y=e Vje WXIVXdX’

quo duplici signo integrali gemina constans arbitraria introducitur integrale completum
constituens.

COROLLARIUM 1
870. Inventio ergo multiplicatoris V pendet etiam a resolutione aequationis differentio-
differentialis, quae autem proposita simplicior est aestimanda, quod functionem X non
involvat et quantitas V cum suis differentialibus dV et ddV ubique unam dimensionem
constituat.

COROLLARIUM 2

871. Quodsi ergo ponatur V = elvax, quantitas v determinabitur per hanc aequationem

differentialem primi gradus

dv +vvdx — Pvdx+Qdx—-dP =0,

cuius si saltem integrale particulare constet, integratio aequationis propositae absolvi
poterit.

COROLLARIUM 3
872. Dato autem multiplicatore V vicissim ratio aequationis propositae definitur, ut hoc
modo integrabilis evadat. Erit enim vel

—dP L PdV _ ddV_ Pdv _ ddv
Q=4 T Vix Vo vel dP +-57 = Qdx+ {5

vel integrando

d
PV = 4V + [QVdx seu P =gy + I
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EXEMPLUM 1

873. Definire formam aequationis differentio-differentialis
ddy + Pdydx + dex2 = Xdx?,

ut multiplicata per e integrabilis evadat.

Posito multiplicatore V =e/Y¥* = e** erit v = 1 et satisfieri oportet huic
aequationi
AAdx — APdx+Qdx—dP =0,
unde fit

_ dP
Q=AP-22+%.

Primum ergo hoc evenit, si fuerint P et Q constantes; puta P=AetQ=B, actumA
definiri oportet ex hac aequatione A4 — A1+ B =0, qui est casus supra [§ 865] tractatus.
Praeterea vero qualiscunque functio P fuerit ipsius X, modo sitQ = AP — A4 +‘é—';

aequatio in e**ducta erit integrabilis integrali existente

e“(dy+ ydx(P-1))= dxje“de
seu
dy+(P—4)ydx = e"lxdxj e**Xdx,

ej Pdx-Ax

quae ulterius per multiplicata et integrata dat

y = el de+/1xJ'edex—2/1deI e Xdx .

COROLLARIUM
874.Sit P=A +ax et Q=B+ fx; erit
B+px=Al+ailx—-Al+a, ergo B=Al-Al+a et f=al,

unde ob A= g coefficientes A,B,«, ita comparatos esse oportet, ut sit

Baa = Aofi— B+ seu Baa+ ff=a(AB+aa).
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EXEMPLUM 2
875. Definire formam aequationis differentio-differentiatis

ddy + Pdydx + dex2 = Xdx?,
ut per e existente v = £+ ux" multiplicata fiat integrabilis.

Cum esse debeat
dv +vvdx — Pvdx + Qdx—dP =0,

erit
A n-1_ AP N, il n-1 2n dP _
— o F X = A5 = pPXT + 28+ 22X + ppuxT +Q - =0,
ergo
Q= i(;l) —(22+n) ux" = pux®" +4B 1 px" + &2

Ponamus P =<+ gx" ; erit
Q=L(A-Ad+ad—a)+x"(BA+au+pn—24u—nu)+ X" ( fu— )
Sit Q =L +6x" " +x*" fierique oportet

M—(a+1)A+a+y=0, p(A+n)+u(a-22-n)=5 et u(f-u)=¢,

unde non solum pro multiplicatore litterae A et «, sed etiam certa relatio inter litteras
a,B,y,0,& definitur.

Velutisisit y=0 et §=0,erit (1-a)(41-1)=0,unde 1=« ; tum
(B-—p)(a+n)=0,ergo a=A=-n et uu—Pu+e=0.Scilicet aequatio

ddy + dxdy(ﬁxn —%) +ex?ydx? = Xdx?

multiplicatorem recipit e!V® existente v = — 2+ pux"sumto  ita, ut sit
e — Pu+ e =0. Erit ergo multiplicator

n+l n+l

' B
V =Len+1x et eJPdX =X_];1en+1x
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Quare si ponamus ﬁx”“ =t, erit
— — 1t — _ it
y=x"e /”tx—lne/“‘t_..eﬂt 2/“‘tx”dx_[e’)(—f"” seu y—el” ﬂ)tje(ﬂ 2“)tdtJ‘—e’X)ﬁO'X.

COROLLARIUM 1
876. Si sumatur y=0et £=0, erit

p=p, fla-2)=5 et (A-a)(2-1)=0,

hinc 2 =1et 6 =(a-1)f ideoque P =%+ X", Q= (a—1)px"" et
aequationis
ddy + (%4— £x" )dxdy +(a—1) X" Lydx® = Xdx?

multiplicator V =e/V% : existente v =14 ux", ita ut sit
V=xer et elPO - xagniX”

COROLLARIUM 2
877. Hoc ergo casu posito #; X" =t erit integrale

y=el“ _[ e”“ze‘ﬁ“dxjeﬂt Xxdx

quae forma simplicius exhiberi nequit, propterea quod in genere formula
e Ple?2dx integrationem non admittit.

SCHOLION
878. Cum igitur inventio multiplicatorum, qui huiusmodi aequationem

ddy + Pdxdy + dex2 = Xdx?
integrabilem reddunt, solutionem huius aequationis postulet
ddV — Pdvdx+ Vdx(Qdx—dP)=0,

quae in hac forma continetur
ddy + Pdxdy + dex2 =0,
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videndum est, guomodo hanc formam etiam per multiplicatores tractari oporteat. Cuius
multiplicaror si fingatur V; functio quaedam ipsius X, iterum ad praecedentem formam

ddV — PdVdx +Vdx(Qdx—dP) =0,
devenitur, atque huius multiplicator statuatur = U, functioni ipsius x, hic definietur per
hanc aequationem
ddU + PdUdx + QUdx? =0

ita ut sufficiat alteram harum duarum aequationum resolvisse. Ac supra quidem, ubi
y = uv posuimus, ad hanc posteriorem aequationem pervenimus. At mirum non est harum

duarum aequationum alteram ab altera pendere, cum prior ex posteriori nascatur ponendo
U =e~'P™v  posterior vero ex priori ponendo V =e/P™U | uti tentanti facile patebit.

Quoniam igitur hoc modo difficultatem, si quae occurrit, tollere non licet,
investigandum est, an forte eiusmodi multiplicator, qui utramque variabilem x et y cum

suis differentialibus dx etdy seu p= % involvat, negotium conficiat. At vero facile
perspicitur exclusis differentialibus hoc fieri non posse; nam si multiplicator esset V,
functio ipsarum x et y, ex primo termino ddy nascetur integralis pars Vdy, quae autem
differentiata ponendo dV = Mdx + Ndy involveret in differentiale partem Ndy?in

aequatione non occurrentem, quae etiam per reliquas integralis partes tolli non posset.

Quam rem tentemus eiusmodi multiplicatoribus, qui etiam rationem differentialium

p= % complectantur; et cum ipsius y cum suis differentialibus ubique sit idem

dimensionum numerus, eadem proprietas etiam in multiplicatore insit necesse est; si enim
diversae inessent, singulae seorsim negotium essent confecturae.

PROBLEMA 109
879. Sumto elemento dx constante definire conditiones, ut multiplicator huius formae

Mp+ Ny existente p = % et M et N functionibus ipsius x integrabilem reddat hanc

aequationem
ddy + Pdxdy + dex2 =0,
ubi P et Q sunt functiones ipsius X.

SOLUTIO
Ob dy = pdx nostra aequatio est

dp +Ppdx+Qydx =0,

quae per Mp + Ny multiplicata fit
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Mpdp + Nydp + MPpdy + NPydy + NQyydx + MQydy =0,

quam integrabilem esse oportet. Ob terminos differentiali dp affectos pars
integralis erit % Mpp + Nyp, unde integrale ipsum statuatur = % Mpp+ Nyp+S;

cuius differentiale cum ipsam illam aequationem praebere debeat, habebimus
dS = MPpdy + NPydy + NQyydx
+ MQydy
—2 ppdM — ypdN
—Npdy
guam ergo formulam integrabilem esset oportet; quae cum tantum differentialia

primi ordinis dx et dy complectatur, necesse est, ut quantitas p ex calculo egrediatur.
Positoergo dM =M'dx et dN =N'dx ob pdx=dy primus terminus continens p ad

nihilum redigi debet, ut sit

MPpdy —%M" pdy — Npdy =0
seu

MP-IM'=N =0 vel N=Mp-dM

Tum vero erit
dS = ydy(NP+ MQ—N")+ NQyydx,
cuius formulae integrale est
S=1yy(NP+MQ-N") vel S = yyjNde,
quas duas formas congruere oportet, unde fit

NP+ MQ -9 = 2 NQdx

Seu

NdP + PdN + MdQ + QdM — ddN —2NQdx =0,

quae aequatio cum illa N = MP —Z¢- iuncta conditiones quaesitas determinat; proditque
tum aequatio integralis
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COROLLARIUM 1
880. Si functiones P et Q dentur indeque M et N definiri oporteat, ob

N =MP -9 erit dN = MdP + PdM —93M. et functio M definietur per hanc
aequatlonem

d® 3Pdd d dd _
d'_3pam | (pp 58P | 2Q)dM + M (2PdP — 4% — 2PQax +dQ) =0,

quae ob differentialia tertii ordinis parum iuvat.

COROLLARIUM 2
881. Sin autem multiplicator Mp + Ny detur, ipsa aegnatio ita definitur, ut sit primo

N, _dMm
P = *3maxc - Unde ex altera, quae est

QdM ~ 2NQdx _ ddN _ d.PN
dQ + M M~ Mdx M

haecque per Me 2" multiplicata, integrale dat

2[N -2/ (ddN _ d.PN
MQe —Ie (—de——M )

COROLLARIUM 3
882. Sit hoc integrale = Z eritque

7 _ —2deX< PN J‘e—ZJN"X(szN 2PNNdx)'

dx M

quod posterius membrum pro P valore substituto abit in

e—ZJ% 2NdN _ 2N3dx _ NNdM
M MM MM )

cuius integrale est manifesto e INV'“W, ita ut sit

_a2/8% (N NdM
Z=¢ (dx 2de)+C

ideoque
QZQEZINV"XJr dN__ _NdM

M Mdx  2MMdx *
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COROLLARIUM 4
883. Proposita ergo hac aequatione

ddy+(N n

D )dy+(CderIM LN Nd_M)=O

2de M~ 2MM
eam per M—dy+ Ny multiplicando integrale fit

Mdy® | Nydy 210 NN
>0l T +3 5> Yy|Ce + = Const.

M

SCHOLION
884. Cum ergo pro M et N quascunque functiones ipsius x accipere liceat, innumerabiles
hinc nacti sumus aequationum differentio—differentialium formas, quas ope

multiplicatoris '\f'jdy + Ny integrare possumus. Forma scilicet generalis, quae hoc

multiplicatore integrabilis redditur, est, ut vidimus,

oY (dM +2Ndx)+

2
v 2MAN — NaM +2CMe?/ ¥ x|

ipso integrali existente

Mdy® | Nydy 1. (NN 2 Nox
2dx2+ o TIWW +Ce

ubi perspicuum est partem exponentialem constanti C affectam utrinque omitti posse,
cum ea sola ista proprietate sit praedita. Quodsi partem exponentialem ad algebraicam

Ndx .
reducamus ponendo e?lW =L , erit

Ndx _ dL _ MdL
2w =T e N=g9x

hincque

MddL , dLdM _ MdL?
dN =50 + 2Ldx ~ 2LLdx”

unde ista forma

ddy " dy

dM , dL), 1,,(ddL , dLd™m dl> |, 2CLdx
o 2dx( +L)+ y( + * )

™ Ldx " 2LMdx  LLdx M

Mdy MydL
2Ldx

quae per multiplicata integrale praebet

Mdy” | MydLdy |, 1 ( MdL )
+= ~+CL
2dx? 2Ldx? 2 Yy 4LLd C
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Vel si ponamus 9+ 4k — 20Kyt sit M = KK erit nostra aequation differentio-
differentialis

ddy "

dy
Tdx T dx

K Ldx

dK  1y(g 0L __d® . dKdL , 2CLLdx
+2y(d'de 2LLdx T KLdx T KK ) 0,

dy ydL

KK - - - -
quae per T(Wm) multiplicata dabit integrale

KK [dy” | ydey ( dL? CLL) C
B = Const.
2L (dx o T Giiae TR

EXEMPLUM 1
885. Sit K =x™(a+x)" et L=x*(a+x)'; erit

dK m+L:maJr(ern)x d 4, v
Kdx X o a+Xx x(a+x) ' Ldx X

unde coefficiens ipsius  ydx erit

H v HHU y2l w my + mv+nu nv

X (arx)? 2% x(atx)  g(a+x)’ XX x@+HX)  (aix)’

+ 20X (a x)zv_2n

Seu

2m-p—2 v v(2n-v-2 2v-2
u(nz”lu ) mvnu—v o v(2n-v— )+2Cx2" 2m(a+x)v n
*X x(a+x) 2(a+x)

ubi sequentes casus notasse iuvabit.
I.Sit m=pu+1etn=yv;eritipsius %ydx coeffieiens

Lu+4C
2XX

v(p+1) 4 v(v-2)

o) " oam)

+

Hinc ista aequatio

ddy + dY( e a+x)+ ydx(”“+4C 2vu) | V(V_Z)j: 0

XX x(a+x) (a+x)2

multiplicata per
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u+2 VIdy (x, v )Y
X (a+x) (dx+( +a+x)2)

integrale dat

2 dx a+x (a+x) (a+x)

1x442 (a+x)" [dy +ydy(u+ v )+ yy(“”+4C+X2“" + WZD:Const.

11 Sit m=u+% etn=v+1 ;eritipsius £ ydx coefficiens

(1) 2un+p+v+4C | v(v-1)
o T aan)  oan

Hinc ista aequatio

ddy 2u+l | oyal 1 w(pu-1) | 2uv+putv+4C | V(v-L) )
“dx +dy( +2(;1/Ix))+ ydx( T x(a+x) +(a+x)2]_0

multiplicata per

u+l vALidy 1 (s, v
X (a+x) (dx+ y x+a+x

integrale dabit

1y u+l v+l dy? | ydy v 4 2mv+4C w _
X (a+x) (d L+ L+ )+ Lyy| A2 5o ey = Const.

1. Sit m = u et n=v+1; erit ipsius  ydx coefficiens

pp2) | (sl | wsac
2XX 2"
x(a+x) 2(a+x)

Hinc ista aequatio

ddy+dy(ﬂ+ v+1)+ de( p(u- 2)+2ﬂ(v+1)+vv+4cj: 0

dx a+x XX x(a+x) (a+x)2

multiplicata per
v+2[(d
x“(a+x)" (d)y(+ y( +a_‘ix))

dabit integrale

1M v+2( dy’ | ydy VoLl e 2w weac ||
Sx*(a+x) o )Yy XX+X(a+x)+(a+x)2 = Const.
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COROLLARIUM 1
886. Sit casu primo v=2 et C = —%; habebitur haec aequatio

ddy  (u+l)a+(u+3)x (u+1)ydx _
o T x(a+x) dy + x(a+x) 0,

quae per

+ d a+( u+2)x
NG 2(a+x) (d§+—“2XE” )) y)

multiplicata praebet integrale

x(a+x) X(a+x)  (a+x)’

1yut2 2( dy? | par(ut2)x ydy 7 1 |-
Lx# (a+x) (dx2+ Yy + = Const.

COROLLARIUM 2
887. Sit casu tertio =2 et C =-vv; habebitur ista aequatio

ddy 2a+(v+3)x  (v+1)ydx _
dx x(a+x) x(a+x) 7’

VR2(dy 1\, (2, v
xx(a+x) (&Wy(#m)

quae multiplicata per

dabit integrale

1 v+2( dy? | ydy (2 1 _
§XX(a+ X) ( i ( + a-\:x)+ W(W'Fﬁ))—const

EXEMPLUM 2
888. Sit K = x™ (aa+ xx)n et L=x*(aa+ XX)V; erit

dK:m_l_ 2nx et dL M 2VX

Kdx X aa+xx Ldx X aa+xx

et aequatio differentio-differentialis hanc induet formam

ddy m 2nx ) u(2m—p=2) - 2nu+2v(m-p+1) - 2v(2n-v-2)xx oCx2u2m | _
+dy( +aa+xx T de 2XX aa+xx + (aa+xx)2 +(aa+xx)2"’2m =0

cuius in

2m—u ay | 1 _2vx
X (aa+ XX) (dx T y + aa+Xxx
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ductae integrale erit

2
1 y2m-u an—v{ dy* . ydy (o ovx ), 1 Mo 2w 4Cx2H2T _
2 X (aa+xx) (dxz o (e 2R Yy | (S e ) ™ )|~ Const.

Evolvamus hic casus, quibus aequatio differentio-differentialis hanc obtinet formam

ddy m, _2nx ) 1 E_ = Gxx__ |—
ax T dy( x Taarxx) T2 ydx| D+ 2xx T aax T (aa+xx)2 =0.

1. Sumatur x=m et v=n , eritque
D=2C, E:%m(m—z), F=2n(m+1) et G=2n(n-2).

Il. Sumatur z=m et v=n, eritque
D=0, E=2C+1(m-1)°, F=2n(m+1) et G=2n(n-2).

Il. Sumatur g=m-1 et 2n—2v=-1 seu v=n +% ; eritque ultimus terminus

2C(aa+xx)

- 2Caa
XX =2C + =22,

Ergo
D=2C,E :2Caa+%(m—l)2, F=2(mn+n+1), G :%(2n+1)(2n—5).

IV.Sumatur gz=m et 2n—-2v=1 seu v:n—% ; eritque ultimus terminus

2C
aa+xx '’

ideoque
D=0, E =%m(m—2), F=2C+2mn+2n-1, G :%(Zn—l)(Zn—3).

V. Sumatur z=m+1 et v=n —% ; eritque ultimus terminus

2Cxx  _ _ 2Caa
aa+xx 2C aa+xx '

ideoque

D=2C,E :%(m+l)(m—3), F=-2Caa+2n(m+1), G :%(Zn—l)(Zn—B).

VL. Sit u=m-1 et v=n-2; eritultimus terminus
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2 _2c __ 2¢C
xx(aa+xx)  aaxx  aa(aa+xx)’

unde fit

D=0,E=2X+1(m-1)*, F==2C+2mn+2n-2, G=1(2n-1)(2n-3).

VI Sit g=m+1 et 2n-2v=2 seu v=n-1;eritultimusterminus
2Cxx

(aa+xx)*

ideoque
D=0, E=3(m+1)(m-3), F=2n(m+1), G=2C+2(n-1)°.
VII. Sit u=m+2 et v=n-1;eritque ultimus terminus

2cx* 2C _ 2Caa _ _2Caaxx

(aa+xx)’ aa+txX  (aa+xx)”’

unde fit
D=2C,E :%(m+2)(m—4), F=-2Caa+2mn+2n+2, G =—2Caa+2(n—1)2.

IX.Sit u=m et v=n-1; eritultimus terminus

2C  __2Caa _ _ 2Cxx
(aa+xx)”  ad(aa+xx)  aa(aa+xx)’

hincque

D=0,E=im(m-2),F =2 12mn+2n-2, G==2L+2(n-1)°.

aa
X.Sit u=m-1 et v=n-1;eritultimus terminus

2C —2C _ 4C + 2Cxx
xx(aa+xx)2 a'xx  a*(aa+xx) a4(aa+xx)2’

hincque
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PROBLEMA 110
889. Sumto elemento dx constante si K et L denotent functiones quascunque ipsius X,
invenire integrale completum huius aequationis differentio-differentialis

ddy  dy dk |1 dL _dL? dKdL , 2CLLdx
o Tac ok T2 Tk o PR T ke )= O

SOLUTIO
Quoniam haec aequatio integrabilis redditur, si multiplicetur per

KK dy+ ydL
L \dx " 2Ldx

eius integrale completum, ut supra [§ 884:] vidimus, est

dy | ydL CLL
((dx+ dx) + 2= yyj Const.,

quam aequationem differentialem primi gradus adhuc integrari oportet. Quod cum ob
constantem indefinitam maxime sit difficile, ea neglecta primo saltem integrale
particulare investigemus. Erit ergo ex aequatione

2
dy , ydL CLL \n/ —
(dx+2de) + yy=0

radicem extrahendo

Y _DJC seu Yyl /),

unde fit
y\/f = ozeJLTdX\/z

Cum igitur aequationi differentio-differentiali propositae satisfaciant hi duo
valores
e-c _ B g 1NC

et y=-1

y=fe
bini coniuncti etiam satisfacient; quibus quoniam duae constantes arbitrariae
introducuntur, eius integrale completum erit

—_a ILTM\/I B —ILTdX\/z

y=1¢ +re ,
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quae expressio valet, si +/—C fuerit quantitas realis ; sin autem sit imaginaria,
erit

y:%sin.(_"%\fﬂj)

sicque habetur integrale completum aequationis differentio-differentialis propositae.

COROLLARIUM 1
890. Hinc igitur aequationis differentialis primi gradus

(d_y+ ydL )2+CLLy2 _ AL

dx " 2Ldx KK KK ?

quae per se satis est difficilis, integrale assignare valemus, quod est

Lax [/ _[Llax /_
y=-e/¥VC LT
si modo debita relatio constantium « et S respectu constantis A definiatur.

COROLLARIUM 2
891. Erit autem per YL multiplicando et differentiando

ydL _ gldx / [J-C  pLdx / -l /-C
dy\/t‘i‘m—aTx —C.e'x K —-Ce 'K

hinc

dx = 2Ldx K

dy | ydL _JCL _(aejtng_ﬂe_pgx@)

unde fit
2
AL _ —CL aeILK"X«/I_ﬂe—ILK‘“ﬁ)

KK ~ KK

2
(aeILKd*«/I 4 e )

cL
TR
ideoque A=4Caf seu f=5-.

SCHOLION 1
892. Quamvis ergo aequationem propositam ope idonei multiplicatoris integrare licuerit,
altera tamen integratio maximis difficultatibus premi videbatur. Interim tamen ope
substitutionis aequatio illa differentialis primi gradus tractatu facilis redditur; posito enim

=-Z utsi ydL _ -
y_JE ut sit dy\/f+2\/t_dz, oritur
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2
( dz ) ClLzz _ AL

X/l KK ~ KK’
i dz _ L dz _ Ldx H
hinc &&=+/(A-Czz) seu e K quae integrata dat

I(z\/zhl(A—sz)):jLT‘“\/zHB,,

unde praecedens integrale eruitur.

Caeterum forma nostrae aequationis differentio-differentialis aliquanto
commaodius exhiberi potest hoc modo. Si P et R sint functiones quaecunque ipsius x
sumaturque elementum dx constans, huius aequationis

doy -y + ) y(a - )0

bis integratae integrale completum est
y= aPed 1 ,BaPe_aIRTdX :
siquidem a sit quantitas realis. Atsi a=0, erit
y= P(a +ﬂj'%dx)
sin autem sit aa = —cc, erit
y :aPsin.(,BJrchT‘”‘).

Tum vero illa aequatio integrabilis redditur, si multiplicetur per
_1 [(gy-Ydr
RRdx’ (dy P )

2
1 _ydP\° _ aaRR \2¢4y2 | _
RRdx’ ((dy P ) pp Y dx j—COI’]St.

eritque integrale primum

Hinc patet in illa aequatione differentio-differentiali commode hanc substitutionem
adhiberi y = Ps, qua ea transformatur in

ddz+dz(0'—'°—("—R)—%zdx2 =0
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i)

quae per %&ZZ multiplicata sponte fit integrabilis. Quin etiam posito £ =,

ut habeatur

dSdz _ aazdx® _
ddz + 058 -8 = 0,

multiplicator %‘12 statim dat integrale

2
szsd(iz2 _ % aazz = Const.

SCHOLION 2
893. Vicissim ergo ex hac forma simplicissima

SSddz + SdSdz — aazdx? =0 ,

quae per dz multiplicata integrabilis redditur, formas magis complicatas derivare
potuissemus ponendo z :% et S :%. Quae quamquam in formis generalibus satis
perspicua, tamen in exemplis determinatis plerumque haec derivatio nimis est occulta,

guam ut manti occurrere possit.
Veluti in casibus § 888 evolutis si n° IX sumamus m=2 et C = (n—1)2 aa,

fiet D=0,E=0,F =2n(n+1) et G =0, unde habetur haec aequatio

ddy 1 nx ) n(n+1)ydx
dx +2dy(x+ aa+xx + aa+Xxx =0

seu
2dxdy(aa+(n+1)xx)  n(n+1)ydx?
x(aa+xx) aa+xx

ddy + =0

quae integrabilis redditur ope multiplicatoris

n+l( dy y(aa+nxx)
xx(aa + xx) (dx aar)

integrali existente

2 2
Lyx(aa+xx)"| (L ylaaemo) ) | ()3 | oongy
2 dx * x(aa+xx) (aa+xx)*

Pro integrali ergo particulari erit

dy ey (n-L)xdx _ + (n-1)adxv/-1 |
y X aa+xx aa+xx

unde colligitur
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integrale completum. Hoc autem casu aequatio nostra ad formam simplicissimam

1n
2

reducetur ope substitutionis y =Z(aa+ xx)

perspicitur.

PROBLEMA 111
894. Sumto elemento dx constante investigare conditiones, quibus aequatio
differentio- differentialis

ddy + Pdxdy + dex2 =0
integrabilis redditur ope multiplicatoris huius formae

yax?
Ldy?+Mydydx-+Nyydx?

denotantibus litteris L, M, N, P, Q functiones ipsius x.
SOLUTIO

Tribuatur denominatori huius fractionis talis forma
(dy + Rydx)(dy + Sydx)
ac levi attentione adhibita patet integrale huiusmodi formam esse habiturum

dy+Rydx
V +1 dyrSydx — Const.,

cuius ergo differentiale aequationem propositam producere debet. Dat autem
differentiatio

(S—R)ydxddy-+( R-S )dxdy? +ydxdy(dR—dS )+ yydx*( SdR—RdS )
(dy+Rydx )( dy-+Sydx)

dv + =0,

quae ad communem denominatorem reducta abit in

, cuius ratio et inventio difficilius
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(S —R)ydxddy +(R—S)dxdy? + ydxdy (dR —dS )
+yydx? (SdR—RdS)+ dvdy? + (R+S)ydxdydV + RSyydx?dV = 0.

Statuatur dV = (S - R)dx , Ut aequatio per y divisibilis evadat, sicque orietur haec
aequatio

(S—R)ddy +dy(drR—dS)
+ydx(SdR —RdS )+ (SS —RR)dxdy + RS (S —R) ydx? = 0;
quae ut cum forma proposita conveniat, fieri oportet

_ dR—ds _ SdR-RdS
P_(R+S)+(S—R)dx et Q=RS+ (s Ry

quos valores si functiones P et Q habuerint, aequatio

ddy + Pdxdy + dex2 =0
per
(S—R)ydx
(dy-+Rydx)(dy+Sydx)

multiplicata integrale dabit

I(S —R)dx+| dgyizyy(éx = Const.

Siponamus S=M+N et R=M —N, erit

_ dN _ dMm MdN
P=2M -3 et Q=MM — NN +dM _ M\,

COROLLARIUM 1
895. Quaecunque ergo functiones ipsius x loco M et N assumantur indeque definiantur

_ dN _ dm MdN
P=2M ~Ndx et Q—MM —NN +W_ Ndx '

huius aequationis
ddy + Pdxdy + dex2 =0
integrale erit
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dy+(M-N)ydx
ZJ Ndx+|—( N)yax — Const.
COROLLARIUM 2
896. Si ponatur y = e/ 2% fiet nostra aequatio differentialis primi gradus

dz + zzdx + Pzdx+Qdx =0,
cuius propterea integrale erit

2 Nax-+ 1 2N~ Const.

COROLLARIUM 3
897. Si velimus, ut sit P =0 et aequatio habeatur huiusmodi
ddy+dex2 =0,
capi debet 2M = Ndxeritque Q =¥ — MM — NN eiusque aequatio integralis

ZJ Ndx+|% = Const.

COROLLARY 4
898. In genere autem, prout constans capiatur vel + oo vel — oo, obtinebitur

integrale particulare
vel dy+(M +N)ydx=0vel dy+(M—N)ydx=0,

unde erit

—[(M+N)dx [(M—N)dx

y=ae vel y=pe

ex quibus nostrae aequationis colligitur integrale completum
y = o~/ Max (ae—dex +ﬂedex) .

EXEMPLUM 1
899.SitM =a et N=g;erit P=2a et Q=aa— £, unde huius aequationis

ddy + 2cdxdy +(aa — BB) ydx? =0

dy-+(a—pg)ydx
2% +1 Ay (@t )y Const.
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In quantitatibus autem finitis integrale completum
y=g (Ae‘ﬂx + Beﬂx) .

Casu autem, quo S =—yy, aequatio
ddy + 2adxdy +(aa +yy) ydx? =0
bis integrata dat
y=e"%sin.(yx+C)
atsi y =0, aequationis
ddy + 2adxdy + aaydx2 =0
integrale est
y=e “*(A+Bx).

EXEMPLUM 2
900.Si M =< et N = px", erit
_ -n-1
p2an g Quaz_ppy® o _an_ ) paon

Ergo huius aequationis
ddy +
integrale primum est

(2a-n)dxdy  a(a-n-1)ydx?
X + XX -

BB ydx? =0

28 04 xdy+(a—[;’x”+1)ydx

= Const.
n+l xdy+(a+ ﬂx”*l)ydx

integrale autem secundum

—ﬂxn+1 Lml
y= x‘“[Ae "+ Be ™t J;
si f=0,eritid
y=x¢ (A+ Bx“*l),
sin autem BB =—yy, erit

y = Ax‘“sin.(ﬁ X"t +C).
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COROLLARIUM 1
901. Sumton = 2« , ut habeatur haec aequatio

ddy — (a+1 ydx?

erit eius integrale completum
_ﬁXZoH—l ﬁX2a+1
y — X_a (Ae 2041 4 Be 2a+1 j’

— BBx ¥ ydx? =0,

sisit =0, eritid
y=x* (A+ sza”),

at si S =—yy, erit hoc integrale
y=AX" sm(—xz’)‘+1 C).

COROLLARIUM 2
902. Ponamus « = -1, ut habeamus hanc aequationem
d 2
ddy — 2202 — o,

cuius ergo integrale erit

Vi _B
y:x(Aex + Be )
ubi notandum, si sit S5 =—yy, fore
y = Axsin.(§+C).

EXEMPLUM 3
903. Ponatur
N = A"
a+px"’
dN_ _m_ pnx"t
ut sit Nax o , et sumatur
_m_ ﬂI’\Xn_l
M =2 2a+px")’

ut fiat [§ 895] P =0 et
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Q:i_ﬂn(n—l)x"'2 N BBnnx"? _m Amnx"?  AAnnX*"7 pAAxET
20 YAarpx")  arpx) P AarBX) Yarpx)  (arpx)

sive

Q=- m(m+2)  n(m-n+1)px"? N BAnNX>" 24 AAXP"
4xx Z(OH-ﬂXn) 4(0!+ﬂXn )2

et ob Jde:%IN erit integrale

y:ﬁ(ce—dez+Dedez)

huius aequationis ddy + dex2 =0.
Ut expressio ipsius Q fiat simplicior, hoc fieri potest pluribus modis, dum numerator
partis postremae per a+ £x" divisibilis redditur.

1.Sitm=n-1et AA=1ppnn eritque Q =—L-L, tum vero

N L JNdx:%l(a+,Bx),

a+pXx

(nn-1)ydx’

unde aequationis ddy — I

=0 integrale est

y:\/%(CWLDoHDﬂX”)

Il. Sit 2m=-2 seu m=-1et 4AA=qaann; erit

Q=-1_ nngx"% | Annx"%—annx
AR o) 4(a+px")

seu Q=L yt ante.

1. Sit 2m=-n—2 seu m==1-2 et 4AA= —% fietque

Q=_mn-4_ angx? | Mn(BAX 2 —afx P raax ™)
T 16xx 4(a+ﬂx”) 4[)’(a+[)’x”)

Sseu
nn(omzx’n’2 —a,BX’Z—Z,B,BX”’Z)
43 a+px")

_ 4-nn
Q= 16xx +

quae expressio abit in
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_4-nn , nn -n-2 _ -2\ _ 4-9nn nng
Q=% T 4[3(0‘)( 23X )_ 160 apx2

Quiare, cum sit

_nh+l
Nnaax2

2y a+px’
erit
Ndx = fev=a . dx
B (o¢+ﬂx”)xT
Sumatur n=2 ut fiat m=—4 et Q =—% et
9[)’x3

4 —
N=Dlav=e. x* et |Ndx=2"2. AW
3\/E a+ﬂx3 J. 38 (a+ﬂx§]xg

sicque aequationis ddy + —%— ydx =0 integrale erit

9ﬂx3
_ 1 —[Ndz I Ndz
y= W(Ce + De )
Sin autem capiatur n=—% utfiat m=—£ et Q =—% erit
94x3
_z 1
N==-ea. x®  hinc | Ndx==-2v=2 [ Xdx _—av_a |_d
3\/7 a+ﬂx% J 3B ax+ﬁx3 3B x3+ﬂ
2
unde aequatio ddy + 2% =0 simili modo integratur.
9sx3
SCHOLION 1
904. Aequationem ergo ddy + Axmydx2 = 0 his casibus integrare licuit
m=0,m=—4,m=-4m=-8 et m=—2 seu m=-2+2 m=-2+2. Quodsi
ulterius ponamus N = #12” , simili modo integrationem casuum istius aequationis

m=—2+2 impetrabimus, quibus quoque aequatio differentialis primi gradus

integrationem admittit. Haec autem casuum integrabilium investigatio nimis est operosa,
quam ut eam fusius prosequamur, praesertim cum infra [Cap. VII, Probl. 118, imprimis
8§ 943] methodus occurrat haec omnia commodius evolvendi.
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SCHOLION 2
905. Ex his colligere licet, quantus fructus ex inventione multiplicatorum, quibus etiam
aequationes differentio-differentiales integrabiles redduntur, expectari queat, etiamsi
exempla hic tractata tantum leve huius methodi specimen referant. Aliquas autem saltem
multiplicatorum formas hic sum contemplatus neque ullum est dubium, quin plures aliae
formae pari successu in usum vocari queant. In hoc porro capite tantum eiusmodi
aequationes differentio-differentiales tractavimus, in quibus altera variabilis y cum suis
differentialibus dy et ddy ubique unicam obtinet dimensionem. VVerum eadem methodus
quoque ad alia huiusmodi aequationum genera extenditur, quae etsi parum adhuc est
exculta, tamen usu non carebit sequens applicatio, ubi integratio aliarum aequationum
differentialium secundi gradus, quae aliis methodis tractatu difficillimae videntur, ope
multiplicatorum docebitur.



