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CHAPTER VII

ON THE RESOLUTION OF THE EQUATION
ddy +ax"ydx? =0

BY INFINITE SERIES

PROBLEM 117
929. With the element dx assumed constant, to integrate the second order differential

equation ddy + ax”ydx2 = 0 by infinite series.

SOLUTION
Here we search for a series progressing following the powers of x, which may express
the value of y ; and because in the former term of our equation there is no quantity x with
its differential dx, while in the latter truly the term has dimensionsn+ 2, it is clear that
the exponents of the powers of x must ascend or descent with a difference n+2.

I. In the first place the exponents ascend and the series is put in place

A+n+2 n Cxﬂ+2n+4

y:Axl+Bx +etc.

and there shall be

%: A(A-1) A2 (2 +n+2)(2+n+1)Bx*" tetc,,

ax"y = aAx*™" +etc.,

from which it is apparent that the first of the solitary terms must vanish, so that there shall
be 2(1-1)=0.

Whereby it is required to take either 4 =0 or A =1and thus a twofold series may be
obtained

n+2 +CX2n+4 3n+6 4n+8

y=A +Bx + Dx + EX + etc.

FAX+ B/ L ex? 0 L ox3M L ex 40 4 ete.

Hence with the substitution made it is required to become :
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0=(n+2)(n+1)Bx" +(2n+4)(2n+3)Cx"*? +(3n+6)(3n+5)Dx2"* tetc.,

+ aA +aB +aC
0=(n+3)(n+2)Bx"" +(2n+5)(2n+4)ex*""> +(3n+7)(3n+6)Dx"" +etc.,
+a2l +aB + a¢

from which with our arbitrary Aand 2(, the remaining letters thus are determined in terms
of these [note the assumed corresponding powers of x in the lower lines]

=_——aA _ —__—aB - —aC
B=Gng C g DT g ma) T

—_ —al _ —aB _ —a¢ 3n+5
SB_(n+3ja(n+2)’ Q:_W’ Q—Wa)(mz)x + etc.

and thus the complete integral expression will thus be considered

y _ A aAXn+2 a2AX2n+4 aSAX3n+6

 n+1)(n+2) 12(n+1)(2n+3)(n+2)° - 1:23(n+1)(2n+3)(3n+5)(n+2)° +etc.

+le _ anx”*B 4 aZQ[XZMS _ aSQlXBnH n etc
1n+3}(n+2)  12(n+3)(2n+5)(n+2)*  12:3(n+3)(2n+5)(3n+7)(n+2)’

I1. Now the exponents descend and with the series produced
y=Ax* +Bx* "2 4 Cx* 24 fetc.

there will be considered :

L A(A-1)Ax* 2 4 (2-n=2)(2-n-3)Bx* " tetc,,
ax"y =aAx*™" +  aBx*?+etc,

where since the term x**" cannot have a term similar to itself, it cannot be removed, and
thus no resolution of the equation can be obtained .
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COROLLARY 1
930. The twin series found for y show the compete integral of the second order

differential equation ddy +ax"ydx? = 0 since the letters A and 2 are left to our arbitrary

choice ; but by attributing given values to the letters A and 2( particular integrals may
be produced.

COROLLARY 2
931. If we put n+2=m or n=m-2, the complete integral of this equation

ddy +ax™2ydx? =0
thus may be expressed more conveniently

2 2m 3 3m
—A — aAx™ + a°Ax _ a’Ax +etc.
y Ym-1ym " 12(m-1)(2mL)ym?  123(m-1)(2m-1)(3mL)}m°

1 2 2m+1 39y 3M+1
49X — aAx™" + a“2Ax . a’Ax +etc.
2A Ym+l)m - 12(m+l)(2m+l)ym®  1:2:3(m+1)(2m+1)(3m+1)m®

COROLLARY 3
932. If the exponent m were positive and greater than one, from that these series converge
more, so that a smaller value of the quantity x can be given ; now these series are unable
to be used in practice for the other cases, unless perhaps these can be transformed into
other convergent series.

SCHOLIUM 1
933. Yet cases are given, in which all these series plainly fail in use, which comes about,
if some factor present in the denominators vanishes and thus all the following terms
become infinitely great, in which case it is agreed to change the series into other forms.
Here the case occurs in the first placem =0 or n=- 2, from which all the terms of each
series beyond the first become infinite ; now in this case the equation, which is

2

ddy + 25 =0,
since it shall be homogeneous, will allow a singular integration ; for it is possible to find
the power of x, by which the equation will be satisfied on substitution for y. Evidently

there may be put y = x”* and there is produced

A(A-1)x*?+ax*?=0 or AA-A+1=0,
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from which there is deduced =3+ (%— a) _on account of which the twofold value is

the complete integral

1 i 1 /(1_
y= Ax2" (i-2) + Bx? (3 a),
which in the case a > % changes into this form

y = Axﬁsin.((a—%)% Ix+aj ,

from which it is apparent to become in the case a=1

4
y=(A+ le)\/;.
SCHOLIUM 2

934. The remaining cases leading to inconvenience are, if either m :% or m= —% with i
denoting some whole number. In the case m :% only the first series shall be

incongruous, and truly in the case m = —% only the second. Whereby in that case on

putting A=0, now in this case on putting 2 =0, the series may be considered at any
rate as showing a single particular integral. Now knowing a particular integral, so that it

shall be y =P, from that the complete integral of the equation ddy + axm‘zydx2 =0 is
elicited on putting y = Pz, from which there becomes

Pddz + 2dPdz + zddP + ax™?Pzdx?> =0 :
by the hypothesis there isddP +ax™?Pdx? = 0, hence there emerges
Pddz +2dPdz = 0 or PPdz=Cdx and z=C %.

But since P shall be an infinite series, hence the value of z cannot be known.
But in these cases mentioned a part of the integral involves the logarithm of x, or

which is understood from that, since %shall be equivalent to Ix.

[See 8§88 978 below or E154 ; O. O. Series I, Vol. 20, initially p. 43. Part of a note added
by the editor of the O.O. edition.]

Whereby in equation ddy +ax™?ydx? = 0 on putting

y = p+qlx, onaccount of dy =dp +%+ dglx there will be

ddp + @—%Jr ddglx +apx™2dx? +agx™ 2dx?Ix = 0,
in which it is required that the parts involving Ix cancel each other, thus in order that
these two equations may be considered
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+apx™2dx? =0,

where of the two above series for g that one must be taken, which in the case offered is
without inconvenience, and that put in place from the latter equation can easily express
the quantity p by a series. We set up cases of this kind in the following examples ; we
may observe likewise that only that operation be considered, even if in place of Ix there

is taken Ix+ e« , thus so that on finding p and g there shall be
y=aq+p+qlx or y=p+qlpx.

EXAMPLE 1

935. On putting m =1, to resolve this equation ddy +2> aydx

=0 by series.

On putting y = p+qlx itis required to take

_ aile a2 adaxt
g ="2x +1223 " T22334 e

for which we can take for the sake of brevity

g= Ax + BXZ + x5 +Dx* +ete.

Then p is sought from this equation

ddp  2dg _ g , ap _
dx2+xdx xx+ x_0

hence we put in place

p=A+ BX +Cx% + Dx® + Ex* +etc.

and with the substitution made there shall be

2C +6Dx +12Exx + 20Fx3 + 30Gx* + etc.
+Z14B+6¢C + 8D + 10€ + 12F
A -B-C - D - ¢ — F
+aA +aB+aC + aD + aE + aF

Now since the coefficients 2,28,&, D, & etc.shall be given, there will be A= —%; the

quantity B is not determined ; then truly [by equating coefficients : ]
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C-=3B_aB_3ad aB pp_-5¢_aC_ -5a*A aC
2 12 T 32 12 6 237 12832 23
E_-/®_ab __7a%% _aD E_-9¢_ a__ -9 _aE
1 -4 12.03.33.42 -4 0 45 1222324352 45
etc.,

where for B it is allowed to write 0, whenever in the integral y = p+qlx we add the part
aq , which arises from the letter B, thus in order that there shall be

p= A+Cx? +Dx® + Ex* + Fx® +etc.

Hence there shall be

_ 3a2 _ —l4a’*x __70a%A _ _—404a*A
C=y2 P=rr3 E-mpse Foipgss

where it is to be noted that 14 =3-3+5-1, 70=4-14+7-1-2,404=5-70+9-1-2-3
and for the following 2688 =6-404+11-1-2-3-4. And there shall be

y=p+aq+qlx.
EXAMPLE 2
936. On putting m =—1 to solve this equation ddy + ay;jaxz =0 by series.
On putting y = p+aq+qlxit is necessary to take
q=A—BA @A __ aA g0

12x © 1.223x*  1.22.3%4%°

which is put for brevity :
q= A+%+%+X—Ds+x—§+etc.;

then indeed the quantity p must be defined from this equation

2dgdx  qdx® | apdx® _
ddp +=, o T =0.

Hence we put in place

S 1 etc.

— €. 0 € 5
p—le+%+X+XX+X3+X

from which with the substitution made there arises
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A, a8, a¢ , a® ¢, a¥
aW+f:(—3+ ?(_4 +i—5+ i—6+7+etc.
~A-B -C -D- E-F 0o

-2B -4C -6D- 8E-10F

+2¢ + 6D +12¢ + 205 + 306

and the coefficients 2(,°8,¢,9,¢ etc. are determined thus, so that there shall be 2 :g;
the following term 5 is not defined; then there shall be

¢—=3B_aB_-3aA_aB 4 _5C_a¢_5a°A_aC
12 12 3.2 127 23 23 2832 23"
¢=1D_ad_ —7a’A _ad & _OE_aC__9a'A _ a¢
34 34 923342 347 5 5 22324352 45

If it is assumed thatB = 0, which is allowed to happen without detriment to the
generality, thus so that there shall be

- €, D,¢, 38
p_le+X+XX+X3+X4+etc.,

then there becomes
_ —3aA _ 142%A _ _—70a°A ___404a*A
Qﬁ - 13.22 1 @ - 13'23'32 1 @ - 13723733.42 1 S - 13723'33743752 etC'

which values are similar to the preceding.

EXEMPLUM 3

937. On putting m :%to resolve this equation ddy + ?’j’; =0 by series.

On putting y = p+aq+qlx itis required to take

3 2 3, 5 4
oy a3 1627 2 64a%U 5, 2562 3
Q=2AX—"55" X + 1534 123345 X* T 12343456 X —lC.

which for brevity is written as :
q=2Ax+Bx? +Ex2 +Dx + &3+ Fx + 6x* retc.;

then the quantity p must be defined from this equation :
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2dxdq  qdx® | apdx® _
ddp += T =0.

Hence we put in place
p=A4+ AX? + Bx +Cx? + Dx2 + Ex? +Fx3+ etc.
and there arises from the substitution made :
a4 ,aA, aB
X\/;+ vah X\/;+aC+aD\/;+aEx+an\/; etc.
-A- B -C—-— D — ¢ —F
+2A+3B +4C+ 5D  +6€ + 7§

~A 3 15 35
7+ 0 +3C+2D+2E  +6F +G

Hence there is deduced to be A :%,A = ;—a% ; but B is not determined; again

_ —4aB 8B _ —-4aB , 84a
C==3 "13=713 T g

D= —4aC _12¢ _ —4aC _ 1216a’

24 24 ~ 24 1.3.22.4%2
E_—4aD 16D _ —4aD , 1664a°%

35 35 35 1.3.2.4.32.52 '
F — —4aE _12¢ _ —4aE _ _ 20-256a‘

4.6 4.6 4-6 1.3-2.4.35.42.62 '

etc.

But if now there is put B =0, in order that there becomes

p==2 2 [x 4% 1 Cx/x + Dx2 + EX?/X + FxX® +etc.

"~ 4aa a
there will be
C = 84a2 _ —10016a’d | _ _1884-642°%
12.32 1 12.32.22.42 1 12.32.22.42'32.52
4
F = _—52416256a'% _ otc

12.32.92.42.32.5242 &2
where it is to be noted that

100= 2-4-8+1-3-12, 1884=3-5-100+1-3-2-4-16,
52416 = 4-6-1884+1-3-2-4-3-5-20.
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EXEMPLUM 4

938. On putting m =—1 to resolve this equation ddy + 2’(‘3(; =0 by series.

On puttingy = p+aq+qlx it is required to take

_ A 4aA 5 L 16a%A -1 64a°A 5
q=A 13 X +-L32¢1X 132435 % ~ T etc.,

which for brevity we may write as :

q=A+Bx 2 +Cx 1 Dx 2+ Ex 2+ Fx ¢ + etc,,

and the letter p must be defined from this equation

2dxdg qdx® | apdx?

ddp + - + =0.
P X XX XXX

We put in place

D= AX+ASX +B+EX 2 + DX T+ EX 7 + FX 2 +BX 2 +etc,

and with the substitution made there arises

a4 | ad aB a¢ aD _ a¢ , _af
x\/;_'_XX XXX +x3+ x3\/§+x4+x4\/§
-A- B -C- D -E-F

- B -2C- 3D -4E-5F

-t + 3¢ +29+ BF +65+26

+etc.

from which the following determinations are deduced 2 = £ and A= = 25 ; but B is

not determined; again
¢ = —4aB +8_% _ —4a%B  84aA

13 13 13 12.32 !

_ —4a¢ | 12C _ —4a¢ | 1216a’A
D= 24 T o4 = 24 T 1.3.22.42 '
@ ——4ad 16D _ —4aD __1664a°A

35 1.3.2.4.32.52 "'

3 5
F=4a¢ | 12E _ —da 20-256a*A
4.6 4.6 1.3-2.4.35.42.62 '

etc.

But if now there is assumed B =0, there will be
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_ —84aA _ 10016a’A _ _-1884-64a°A
=g PTrgze ST rzpsss OO

which numbers are progressing as before.

SCHOLIUM
939. From these examples it is observed how the series resolving the equation

ddy +a™ 2ydx? =0
can be found in the remaining cases, in which m = J_r% ; where it may be noted,

if there should be m = +% that for g this series must be taken

q=2Ax+BX +oxt T+ ox 1etc,,
then truly the form of p of such a series to be expressed by :
1 2 3
p = AX+Bx" +Cx' + Dx' +etc.,

the coefficients of which as before are to be defined from above. But if there should be
m= —% , the series is taken for q :

q=A+ BX ' +Cx i +Dx ' +etc.,

but for p it is appropriate to take a form of this kind
p=2AX+ B et x4 etc.,

from which equally the individual coefficients are allowed to be defined with one
exception. And this trick is to be maintained in the generation , as often as in the
resolution of general equations in series is to be arrived at, in which the coefficients in
certain cases increase to infinity, which generally is to be the introduction of logarithms
in the proof.

Also truly the same equation ddy + a”ydx2 = 0can be resolved in series in other ways,

provided that previous resolution can be changed into another form ; since when it can
arise, so that the series in certain cases is terminated, to which thus an integral must be
assigned, here especially we will set out such a remarkable transformation.
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PROBLEM 118

940. To transfer the second order differential equation ddy +ax"ydx? = 0 into another
form, the resolution of which will be put in place conveniently by an infinite series.

SOLUTION

We may make use of the substitution y = el Pz where p shall be a certain function of
x providing a convenient resolution of the equation. Hence there shall be

dy = e! P (dz+ pzdx)
and
ddy = gl P (ddz + 2 pdxdz + zdxdp + ppzdxz) :

from which the proposed equation becomes

ddz + 2 pdxdz + zdxdp + ppzdx2 +ax"zdx? =0,

where p shall be taken thus, so that there becomes pp+ax" =0or p = x2+/—a . Thus we
may put a=—-cc and n=2m, in order that the proposed shall be this equation

ddy — cex®Mydx? =0,
which on putting p=cx™ and y =e/P¥#z = eniX" 7 adopts this form
ddz + 2cxMdxdz + mex™1zdx? =0

in which since x neither has zero nor m +1 dimensions, we can put the value of z in place

7= Ax* +BxPM L oxAT2M2 L epe.

with which substituted there becomes :

A(A-N AP 24 (2+m+1)(A+m)Bx* ™ petc,,
+24Ac =0,
+ mAc

from which it is evident that there must be taken either A =0 or A =1. Hence we follow
with a double series of this kind
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7= A+Bx™1 L Cx2™2 L Dx2™3 4 ExM4 L etc.

FAX+ VX2 L ex2M3 L x4 | ey | ete

with which put in place there becomes :

(m+1)mBx™* +2(m+1)(2m+1)Cx*™ +3(m+1)(3m+2) Dx’™* +etc.
+mAC +2(m+1)Bc +4(m+1)Cc =0,
+ mBc + mCc

(m+1)(m+2)Bx™ +2(m+1)(2m+3)ex*™ +3(m +1)(3m+4) Dx>™ +etc,
+2%c +2(m+2)Bc +2(2m+3)¢c = 0,
+mic +méBc +mec

from which all the individual coefficients are determined in the following manner :

= mme) B= (r_n(JrrnZJS(eri)
etc. etc.

where the two coefficients A and 2l remain undetermined, thus in order that the complete
integral shall be agreed upon.

ALTERNATIVELY
For the series assumed, in which the coefficients of x decrease, there must be taken
2A+m=0orm=-24 in order that our equation shall be

ddy — cex *ydx? =0,
¢ 24+l

z7=e21° 7 becomes

which on putting p =cx>*and y = e/ P¥

ddz + 2cx?Adxdz — 24cx 24 Lzdx? = 0
Hence we may put
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7= Ax* + B3 1 e £ DX L ete,

and with the substitution made there arises

0= A(A-1) Ax*% +(32-1)(34-2) Bx* 2 +(54-2)(54 - 3)CXx>** retc.
+2AAcx *1+2(32-1)Bc  +2(54-2)Cc + 2(74-3)Dc
—2AAc - 2ABc - 2ACc - 2ADc

from which the coefficients are determined thus :

B —A(A-1)A _—A(A-1)A
T (42-2) ~ 2(22-1)c
C= -(32-1)(34-2)B _ —(32-1)(31-2)B
— (8a-4) 4221
D- —(54-2)(54-3)C _ ~(51-2)(54-3)C
- (122-6)c  6(24-1)c '
E_ —(74-3)(72-4)D _ «(72-3)(74-4)D
- (164-8)c  8(24-1)c
etc.

Here only the value of the letter A is left to our choice, from which this series only
exhibits a particular integral.

COROLLARY 1
941. From the first solution it is apparent that the other series terminates [in the first table
above, where the terms for B,C, D, etc have a factor of the following kind, and likewise
for the Gothic script terms], whenever

(2i+1)m+2i=0 ormzz‘i—iil,

and truly the other, whenever

(2i-1)m+2i=0 or m:Z‘i—Z_i1

with i denoting some whole number. Hence at least in these cases a particular finite
integral can be expressed.
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COROLLARY 2
942. The alternate solution offers a finite series whenever there should be either

(2i+1)2-i=0 or (2i-1)A-i=0,

thatis A =l- and m=-2. as before. Truly for the remaining cases this series extends

to infinity.
COROLLARY 3

943. Hence the cases, in which this equation ddy—ccx”dx2 =0 and thus on putting
y= /U also this equation du +uudx = ccx"dx, at least allows a particular integration,

are n= 2_i_1i1t° be assumed for some whole number i [8 436-441].

SCHOLIUM
944. Moreover it suffices for a particular integral to be come upon, since from that it is
possible to elicit the complete integral easily. For since the letter ¢ shall be present in the
integral, provided the differential equation contains only the square cc, likewise there can
be taken in the integral either +c or —c. Hence, if y =P +cQ is a particular integral, then

alsoy = P—cQ is a particular integral, from which the complete integral will be
y=a(P+cQ)+B(P-cQ) or y=aP+fcQ.

In order that this can be made clearer, another solution of the equation
ddy — cox ydx2 =0

1-24

may be provided, for which on putting for brevity ;=—x"“* =t we can puty = e’z

and we find [§ 940]

MA-D)A 314 A(A-1)(31-1)(32-2)A 512
2221t T 2.4(22-1) cc X
M(A-1)(34-1)(34-2)(52-2)(54-3)A 743

- 7 X + etc.
246(22-1)°c

7=Ax* -

In order that the terms in the expression may be distinguished divided by the even powers
of c¢ from those, which are divided by the odd powers, we can write z=P —cQ, thus in

order that P and Q may contain only even powers of ¢, and one particular integral
isy =e“ (P -cQ) and the other y =e~" (P +cQ), from which the complete integral will
be
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y=1 P(ozeCt + ﬂe‘Ct)—%cQ(aeCt —,Be‘Ct).
Hence, if ¢ shall be an imaginary number or cc =-bb, in order that the equation shall be

ddy +bbx **ydx? =0,
there will be z = P—bQv/—1 and €t =™V~ — cosht ++—1-sinbt , hence

y= P(#cosbt +#«/—71~sin.bt)—bQ(#cos.bt +#\/—71 -sin.bt)\/—T :

let # =y and #\/—_1 =0 , and the complete integral thus may be expressed in
this way :

y = P(ycosbt +dsinbt)—bQ(scosbt — ysinbt)

or
y =(yP—o6bQ)cosbt+ (5P + ybQ)sinbt.
Hence in this manner we have established the integrable quantities.

EXEMPLE 1

945. To find the integral of the equation ddy — ccydx2 =0.
Here thereis A=0, z=A and t = x, from which on account of P=A and Q=0
the complete integral will be
y = ae” + g,

But in the case cc =—bb the complete integral of the equation ddy + bbydx2 =0 will be

y = yC0s.bX + osin bx.

EXAMPLE 2
946. To find the integral of the equation ddy —ccx“‘ydx2 =0.

Here on account of A =1thereis z=Ax andt= —%, from which on account of
P =xand Q =0 there becomes :

y :(oce"t +,6’e‘c‘)x.

Moreover in the case cc =-bb, the integral of the equation ddy + bbx“‘ydx2 =0is
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y = (acosbt + Bsinbt)x

with t ==L arising.
EXAMPLE 3
947. To find the integral of the equation ddy —ooxE ydx2 =0.

1
On account of A :% there becomes B = —% and z = Ax? —3—’2 . and

t= 3x%, from which P = x* and Q= ﬁ . Hence the integral will be
y= (oeect + pe @ ) X3 —(ozect —pe @ )3—1C

But in the case cc =-bb the integral of the equation ddy + bbx_%ydx2 =0 1s
y =(acosbt + Ssinbt) X3 +4(fcos bt —asinbt).

EXAMPLE 4
948. To find the integral of the equation ddy — cox* ydx2 =0.

On account of A =% there will be made B :3_/?: and z= AX: —3—Acx, thus so that

2
— vy3 —_ =X
P=x® and Q_—3CC.

Hence on putting t = _3x73 the integral will be expressed thus :

y=x (oeeCt + ,Be‘Ct)+3—XC<aeCt - ,Be‘Ct).
But in the case cc =—bb the integral of the equation ddy + bbx_%ydx2 =01is

y = X5 (acosbt + gsinbt) -2 ( Scos bt — asin bt)
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EXAMPLE 5
949. To find the integral of the equation ddy —ccx > ydx? =0.

2
5

il

On account of 2 =2 thereisB==32 and C=-3A hence z=Ax5-—3Ax5s + 3A
5 3c 52¢c C 52¢c

and thus [gathering even and odd terms] P = xiﬁ and Q= 5—§cx% . Hence on putting

t =5x° the integral will be
2 _ 1 _
y:(x5 +52—3CC)(ae°t+ﬂe Ct)—s—iXS(aeCt—,Be Ct).

But in the case cc = —bb the integral of the equation ddy + bbx_%ydx2 =01is

y= (xg —~ S%b)(acos.bt +,Bsin.bt)+5—3bx% (Bcosbt —asinbt).

PROBLEM 119
950. To assign the complete integral of the second order differential equation

ddy —cox? 1ydx2 =0,
with i denoting some whole number.

SOLUTION
For the sake of brevity let t = —(2i —1) NG , from which there will come about

X2 = —% , and on putting y = ez for the value of z found by the series
Z = AX?1 + Bx? 4+ Cx?1 + Dx21 +etc.
on account of A= ﬁ these coefficients thus are determined :

i(i-1)A
2(2i-1)c

i+1)(i-2)B
4(2i-1)c

i+2)(i-3)C

B= 6(2i-1)c

,C:( ,D:( etc.,

with which substituted and with the value introduced : xﬁ = —%there will be
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i i(i-1) i(ii-1)(i-2) i(ii-1)(ii-4)(i-3
Z=Axe (1_ (2ct)+ (2-4)c(ctt )1 2).51.60333( )+etc.)

or in this way

ti 2t T 2dcctt 2.4-6¢%3

, :A(l— i(i-1) | i(i-1)(i-2) i(ii—l)(ii—4)(i—3)+etc.)

And hence the complete integral of the proposed equation shall be expressed thus :

y=t (1+ i(iizj)c(;tzz) + i(ii_l)(zif;;l?éiizf Ni4) etc.)(oceCt + ,Be‘Ct)

e (i(i—l) | i(i-)(i-4)(i-3) +etc.)(aect _ﬂe—ct),

2ct 2-4.6¢33

where in each progression the law of formation of the individual terms is clear.

COROLLARY 1
951. Hence also the complete integral of that equation ddy + bbxz_%'lydx2 =0 with

t=—(2i- I)x%1 remaining is

y=t" (1— (i)(i=2) | i(ii-)(ii-4)(i-9)(i-4) —etc.)(acos.bt + ffsin bt)

2-4bbtt 2-4-6:8b“t*
L
COROLLARY 2

952. If i shall be a negative number, this integration likewise will succeed ; for the
integral of the equation

ddy—ccxz%lydx2 =0
on putting t =(2i + I)xﬁ will be

y=t (1+ i(iizjl(ci; 24 i(“_l)(zi:g;;f Ni4) etc.)(ozeCt + e )

_ql (i(i+1) N i(ii-1)(ii—4)(i+3) N iii—1)(ii—4)(ii-9)(ii-16)(i+5) +etc_)(aect _ﬂe—ct),

2ct 2.4.603%3 2:4-6:810c°t®
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COROLLARY 3
953. In a similar manner the complete integral of this equation

ddy +bbx24ydx? =0,
on putting t =(2i + I)xﬁ , will be

y=t (1— i(i)(i+2) | i(i-2)(ii-4)ii-0)(i+4) _ etc.)(acos.bt + fsinbt)

2-4bbtt 2.4.6.8b%t*
Ci(i41)  iii)(ii-4)(i+3)  i(iid)(ii-4)(ii-9)(ii-16)(i+5 .
+t'('(2';t)—'(" 2?2'.'6b3t)§'+ ) G )("2.4).2'.;10)525 J(i+ )—etc.)(ﬂcos.bt—asm.bt),
COROLLARY 4

954. In the formulas containing the sine and cosine, if there is put
a =Csing and g =Ccos.g,
our expressions thus contract, so that there becomes

acos bt + Ssinbt = Csin.(bt+¢) and Bcosbt —asinbt =Ccos.(bt+¢),

as now here C and ¢ shall be arbitrary constants rendering the integral complete.

SCHOLIUM
955. Hence an excellent means is come upon for the case of the integration of this
differential equation of the first order

du +uudx +ax"dx =0

and likewise the complete integral requiring to be defined being known ; for this equation
ddy +ax"ydx? = 0 arises from that on putting y =e!"%, and from which that in turn

arises from that on putting u = % . Therefore since the integral of this is permitted to be
assigned in the cases, in which the exponent n = % in the same cases the integral of the
differential equation of the first order is permitted to be assigned, where indeed it is
agreed that two cases are to be set out, according as a should be a negative number
a=—cc or a positive number a = +bb. Therefore it will be worth the effort to explore
these two cases.
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PROBLEM 120
956. With i denoting some whole number, either positive or negative, to find the integral
of this equation

=
du +uudx —ccx@+dx =0.

SOLUTION
On putting u = % this equation is transformed into that :

ddy — cox i ydx? = 0

i _ddy dydy  (dy \(dy
[since du-+uudx = Jdx yzdx+(ydx)(ydx)dx]

on assuming the element dx constant, the integral of which we have assigned. Clearly on
putting t=(2i+ I)xﬁ there becomes

y :(aect +ﬂe_0t)(ti N i(“;ﬂ(cigz)ti—z N i(“—l)(i;:‘g.(;;g)(”“r)ti—4 +etc,

(et - e )( () i M4H03) -2 | ) Hi26)045) -5 etc.).

For the sake of brevity we put
y= (ozeCt +pe ™ ) P —(ocect —pe ™ )Q
and since there shall be
dt = xﬁdx or dx= xﬁdt,
there becomes

dy (ozeCt +pe )(dP—cht)—(aeCl —pe ™ )(cPdt—dQ)

o x%ldt

or
dy  ae®(dP+cPdt—dQ—cQdt)+Be (dP—cPdt+dQ—-cQdt)
dx 2
x2i+1dt

But truly there is

dP _jiiL 4 i(ii-1)(i-4) -3, i({i-1)(ii—4)(ii-9)(i-16) {i-5
dt 2-4cc 2468
00 = (1#8) gi-t  ii-D)ii-4)[+3) i | i(ii-1ii-a)(ii-9)(i-16)(+5) i5 oy
2 2-4'6C2 246810C4 .

+etc.,
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P—ct+ i(ii—21.21(2+2)ti_2 N i(ii—l)(i;;lé(;;g)(i+4) 4 L etc.
dQ _ i(ii-) 2, i(ii—l)(ii—4)(ii—9)ti_4 +etc,

dt 2c 2.4-6¢3

from which there is deduced

dP—cQdt _ _ i(i-1) (i1 i(ii-1)(i-4)(i-3) (-3 _ i(ii-1)(ii—4)(ii-9)(i-16)(i-5) 5 _tc
dt 2 2.4.6¢2 2-4.6:810c* o

cPdt—dQ _ ot 4 0-0(0=2) ip | (ii-0)(i=4)(ii-0)(i-4) jia .0
dt 24c 2.468¢° '

We may put as abbreviations
i i(ii)(i+2) i | iii-L)(ii-4)(ii-9)(i+4) ,i-4
P=t'+ 5 hce t' e+ T t'™" +etc.,

0= i(in(r:l) E i(n-ll(;js)(ns) (i3, i(ii—l)(ii—:i(;;;ié(;—lG)(HS) (5 4 otc.,

S i(i2—1) NEW i(ii—ll(;i;43)(i—3) e i(ii—1)(ii—4)(ii—9)(i;—l6)(i—5) 05 atc.
c 460 2.46810¢

so that there becomes

dy _ (ae°l+ﬂe*°‘)(_cs )_(Ulect_ﬁ,e,ct )(CR)

- 2i
dx 2

Whereby, since there shall be u = % , the complete integral of our equation will be

i (oce0t —pe @ )R—(ae°t+ pe )S
(ozeCt +pe )P—(ozeCt —pe )Q

or

which is complete on account of the arbitrary ratio of the constants a: f .
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COROLLARY 1
957. The four formulas P, Q, R, S, which are terminated in the individual cases in which i
is a whole number integer, thus depend on each other, since there shall be in the first
place

_ dQ _ dP
R_P—H and S_Q—a,

then truly
dP+dR =2R& and dQ+dS =2,

COROLLARY 2
958. Hence on putting either « =0 or =0 it is possible to show algebraically the

particular integrals of the equation du + uudx _coxZHidx = 0 , Which are

2i

2i
21| — R=S 1y — =S=R
X?HU = 575 and - x2+u P10

o=

and thus they can be taken in a single formula

12, _ —S+R
EXZ U= PFQ
SCHOLIUM 1

959. Hence for the various values of the number i both the quantity t as well as the letters
P, Q, R, S can be considered in the following manner. Clearly initially it is apparent that
if i =0, then there will be t=xandP =1, Q=0,R=1and S =0; and we may present the
remaining cases in the following table :

I=-1 t=—g i=1, t=3x:
P=%, Q=0 P=’ Q:%
_1 _1 _ _
R=1, S=4 R=t, S=0

i=-2, t=—2 i=2, t=5x
X3
P=tt+3, Q=3t
p:%’ Q:?13 cc Q c
R=tt, S=1t
=1, 3 =3 ' c
R tt—i_cct“’ S ot
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__5 1
1=-3, t———% i=3, t=7x7
X
35 61, 35
_ 1,13 _3 P=tt+=2, Q=2tt+
P=s+ 3 Q—Ct—4 o' Q=¢ @
R=1,3 g__6_35 R=t3+13t, s=3¢t
2 cct®’ ettt
i=—4, t=—-"L 1
— y — 1 |:4’ t:9X
X7
_t4 3354 , 357
p=1435 P=t"+°22tt+ i
t cc 3 asn
10 5.
Q=F+ar Q=ct+7
4,35
_ 1,335,357 — 35
R_t_4+cct6+c4t8' R=t"+221t
613, 35
_ 10 , 357 —6¢°435
§ =15 +%] SEctat
i— __9 . 1
1 =-5, t___; i=5 t=11xu"
X9
_+5,35743, 3579
— 1,385, 357 P=t"+2"t"+ < t

_ 1544 43574 . 3579

ct®
_1,357 3579 R=t>+335¢3, 357¢
t° oot ¢’ cc c
_15 , 4357 , 3579 _ 104 , 357
= E T T S=_1+ = tt
. _ . 1
i=-6, t== i=6, t=13x%
Xll

cc C c

_ 2145, 457943 | 357911
Q=15 4357, 35679 Q=41+ 3 7+ = t

Ct7 C3t9 C5t1l
_6_.357+4 3579
_1_,2357_ 53579 357911 =
R_t_e"' cot® + c4lo + cbtl2 R=t"+ cct + ct tt
_ 21,4579 , 357911 _ 1545, 435743 , 3579
S—Ct7+ e T el S=20+ = t°+ > t.

SCHOLIUM 2
960. While these formulas are considered more closely, a new relation emerges between
the values of the letters P, Q, R, S themselves which consists of this, that there shall be

always PR-QS = t2 | the truth of which indeed in the first place may be grasped from
induction, then also indeed it can be demonstrated from the relations given above. For if
the values

— dQ _ dp
R=P-gand S=Q- &

should be substituted into the equations
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dP+dR =2R&t and dQ+dS =23t

these two equations arise :

2dp — d49Q _ 2iPdt _ 21dQ oy gy ddp _ 2iQdt

— 2idP
cdt t ct

cdt t ct !’

of which the former multiplied by P, and the latter by — Q added together give

2PdP —2QdQ + XP-PAQ _ 2idt (pp _ Q)+ 21(QdP - PdQ).

There is put

PP-QQ=M and PR _N;

then there will be

_ 2itd dM+dN _ 2id
dM +dN =2 (M + N) or VAN =2t

and hence on integration M + N = Ct? . But there is
— dQ dP ) _
M +N = P( —H)—Q(Q—H)_ PR-QS,

moreover this must be taken for the single constant C.

PROBLEM 121
961. With i denoting some whole number, positive or negative, to find the complete
integral of this equation of this equation

du +uudx + bbxz%ildx =0.

SOLUTION
On putting u =%this equation is transformed into this
ddy +bbx2ydx? = 0

with the element dx assumed constant, the integral of which has been assigned above.
Evidently on putting t =(2i + I)xﬁ we come upon (§ 953, 954)

y=C (ti —%ti—z + i("‘l)(izijgg;g)(i”) ¢4 —etc.)sin.(bt +¢)
‘C ( i(izzl) {1 i(ii—1;(¢ili.g;13)(i+3)

34 etc.)cos.(bt +¢),
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in place of which we may write for brevity's sake

y =CPsin.(bt+¢)+CQcos.(bt+¢).
Hence on account of
dt = x2dx  or dx = x2idt
there shall be

dy _ C(dP-bQdt)sin (bt+¢)+C(dQ+bPdt)cos.(bt+¢)

o i

from which, since there shall be u = dg’x . then

_ (dP- det)sin(bt+§) (dQ+det)cos(bt+§)

x2'+1dt(Psm (bt+¢)+Qcos.(bt+¢))

We may put
P+ bdt =R and Q-{&=S.
so that there becomes
lszu Reos (bt+¢)-Ssin.(bt+¢) |
b Psin (bt+¢)+Qcos.(bt+¢)

there will be

i i(ii=1)(i+2) Lj—2 i(ii=1)(ii-4)(ii-9)(i+4)  j—
P=t - (24)|gb Ji2, 1 )(242(8b4 A —etc,

(i) jog (i) (ii-4)(i+3) i3 . i(ii-1)(ii—4)(ii-9)(ii-16)(i+5) .j-5
Q="' e © ¥ 2.468100° v et
i i(ii=1)(i-2) - i(ii-1)(ii—4)(ii-9)(i-4) ,j—

R=tl - 0 0=2) iz, )(2.4.6).(8& N=4) -4 _ e,

g _ i) i1 i(i0)(i-4)i-3) g, i(ii-2)i-4)(ii-9)(ii-16)(i-5) i .
2b 2.4.60° 2.4-6:810b° '

and on account of the angle ¢ introduced this will be the complete integral.

COROLLARIUM 1
962. Hence the values of the four letters P, Q, R, S thus depend on each other, so that
initially there shall be

R= P+Iod and S =Q-—

t bdt !
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then also truly it is apparent that

dP+dR =2R& and dQ+dS =2t

COROLLARY 2

963. Thereupon also there is deduced that PR +QS =t?' which equation is deduced
from the preceding formulas [§ 960] on taking cc =—bb, where Q and S are changed into

into Q\/—_l and v-1.
COROLLARY 3

964. This case also differs from that preceding, since here no particular integral can be
given algebraically [8 958]. For whatever value is attributed to the angle ¢ of the

constant, the integral always involves the sine and cosine of a certain angle.

SCHOLIUM 1
965. Therefore since the complete integral of the equation

du + uudx + bbx2dx = 0
on putting t:(2i+l)xﬁ shall be

_ Reos (bt+¢)-Ssin(bt+¢)
~ Psin(bt+¢)+Qcos.(bt+¢) ’

2i
1y
bXHU

thus for the individual values of the number i the quantity t will be obtained from the
letters P, Q, R, S. Initially if i =0, then there will be

P=1,Q=0, R=1and S =0, likewise t=x,

thus, so that the integral will be
_cos(bx+¢)
 sin(bx+¢)

1
bU

The table shows the remaining cases :
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_ _ 1 1
I=-1 t=-% i=1, t=3x3
R—t, S—btt R=t, S=0
_ __ 3 1
I=-2, t=—- i=2, t=5x5
X3
—tt_3 -3
P:%, Q:b_%s P=tt—g, Q=yt
R_1_3 g_3 R=tt, S=1t
Tt ppt*’ T bt
__ 5 1
I=-3, t———% i=3, t=7x7
X
_1.13 o_.3 P=tt-33, Q=gt-35
T ot Q_W ; b
_1_35 g__6 _35 R= —%t, S:%tt
T2 bbt’ bt* b%®
1
i=-4, t=—-"L =4, t=9x°
X7
_+4 3354, 357
P:%_% P= bbtt+ ™
1043 _ 357
_ 6 _ 35 ==Yt t
Q_th_b3t7 Q b b®
4 35
_1_335, 357 —t4_35
R=—2e ot R=U -
6+3 35
_ 10 _ 357 —6¢3_35
S ={f b STl !
- _ . 1
i=-5 t== i=5, t=11xu
X9
p_1_335 357 P=t°-357¢% 4 35794
t°  bbt”  b*° A
15 4357 3579
_ 10 357 —15¢4 _ 435744, 3579
Q—F_ b3t Q c b® b®
5 335:3, 357
_ 1 357, 3579 —t°_335¢3 357
=t Rt 50
_ 15 4357 , 3579 —10¢4 _357
Tt bt b S=pt
- _ . 1
i=-6, t==1 i=6, t=13x5
Xll
6 2357.+4 5357
P:l—3'5'7+3579 P=t _2%€7t _|_53§)479tt_35;6911
t5 bbt® b5
21:5 457943 , 357911
_15 4357 , 3579 =Lt — "+ t
Q—W_ bet? + botL Q b b® b®
_+6_357:4 3579
_ 1 _ 2357 ,53579 357911 —1°_357 3579
R_t_G_ bst + b4t10 - b6t12 R t bb t + b4 tt
_ 21 _ 4579 , 357011 g _15{5_ 43573, 3579
bt bt° + bot™ b b° b®
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SCHOLIUM 2

966. The form of the integral found shows how the proposed equation

du + uudx + sz%ildx =0

is to be transformed into a simpler kind. For initially there is put
2 =2
X2|+1u — V Or u — X2|+1V
and there emerges
20 o i 4P 4P
x2+1dy _Tll X 2+ ydx 4+ x2+yvdx + Ax2+dx =0
or
2 vdx {A {A
<l [ VUA i+1 i+1 —
dv S e T X wdx + AxZdx =0

Again there is put t =(2i + I)xﬁ : then there will be
_ oo dt __1 .d
dt = x2+1dx and T—m'TX,
from which there becomes

dv—%+wdt+Adt=O.

In addition let there be v :%+ Z , so that there becomes

— It gz —2idt _ 2izdt | ity 2i2dt 77t + Adt =0

or
i(i-+L)dt

S 4 Adt=0,

dz + zzdt —

which is integrable as often as i is a whole number.
In a like manner this equation

du +uudx + Ax"dx =0

thus can be transformed more generally : On putting u = x*

there may be obtained
dz + x*zzdx +12(2+2) X *2dx + AxX"*dx =0,

v and v:z—%}tx

page 1121

—i-1
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which again on putting x*dx=dt or x*™ = (A+1)t will become

A(A+2)dt n2h n2l
dz+zzdt+m+ A(A+1) 71 t#1dt=0
which equation is integrable, whenever n :Z‘i—‘fl , from which the number A4 being taken

as it pleases, these are able to assume innumerable forms. If there is taken 4 =-1, there
becomes t =1Ix and

dz + zzdt — 1 dt + Ae gt =0
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CAPUT VII

DE RESOLUTIONE AEQUATIONIS
ddy +ax"ydx? =0

PER SERIES INFINITAS

PROBLEMA 117
929. Sumto elemento dx constante aequationem differentio-differentialem

ddy + ax”ydx2 = 0 per seriem infinitam integrare.

SOLUTIO
Quaerimus hic seriem secundum potestates ipsius x progredientem, quae
valorem ipsius y exprimat; et quia in altero aequationis nostrae termino quantitas x cum
suo differentiali dx nullam, in altero vero n+ 2 dimensiones occupat, evidens est
exponentes potestatum ipsius x differentia n+ 2 ascendere vel descendere debere.

I. Ascendant primo exponentes et fingatur series

y = Ax* + Bx* M2 L ox A+ pete.
eritque
dy _ 2(A-1)Ax*24(2 2)(A+n+1)Bx*" +et
o= ( JAX" 2 +(2+n+2)(A+n+1)Bx*™" +etc.,
ax"y = aAx* ™" +etc.,

unde patet primum terminum solitarium evanescere debere, ut sit 1(1-1)=0.
Quare capi oportet vel 4 =0 vel 1 =1sicque duplex series obtinetur

n+2 +C)(2n+4 3n+6 4n+8

y=A +Bx + Dx + EX + etc.

FAX+ WX L ex?M O L ox3M L ex 40 4 ete.

Substitutione ergo facta fieri oportet
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0=(n+2)(n+1)Bx" +(2n+4)(2n+3)Cx"*? +(3n+6)(3n+5)Dx*"* tetc.,

+ aA +aB +aC
0=(n +3)(n+2)%x”+1+(2n +5)(2n -|r4)(’:x2”+3 +(3n+7)(3n +6)i)x3n+5 +etc.,
+a +aB + a¢

unde litteris A et 2l arbitrio nostro relictis reliquae per eas ita determinantur

—_ —aA — —aB _ —aC
B=mn Czzmang’ P s ) ol

=——all —__—ab - —a¢ 3n+5
B=tm CTensnie) 2 s X e

sicque habebitur integrale completum ita expressum

_ A _ aAXn+2 " aZAX2n+4 _ a3AX3n+6 etc
y Wn+1)(n+2) * 12(n+1)(2n+3)(n+2)"  12:3(n+1)(2n+3)(3n+5)(n+2)°

+3 2¢)(y2n+5 39y 3N+7
QU — Ay 8 - A +etc.
Un+3)(n+2)  1.2(n+3)(2n+5)(n+2)°  12:3(n+3)(2n+5)(3n+7)(n+2)*

I1. Descendant iam exponentes et ficta serie
y = Ax* + Bx "2 1 CxA 2" et

habebitur
L A(A-1)Ax* 2 1 (2-n=2)(2-n-3)Bx* " tetc,,

ax"y=aAx*™ +  aBx*?+etc,

A+

ubi cum terminus x**" sui similem non habeat, tolli nequit, ita ut hinc nulla aequationis

resolutio obtineatur.

COROLLARIUM 1
930. Geminata series pro y inventa, quoniam litterae A et 2( arbitrio nostro
relinquuntur, integrale completum aequationis differentio-differentialis

ddy + ax”ydx2 =0 exhibet; tribuendo autem litteris A et 2( datos valores integralia
particularia nascentur.
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COROLLARIUM 2
931. Si ponamus n+2=m seu n=m-2, huius aequationis

ddy + ax™2ydx? =0
integrale completum ita commodius exprimetur

_ A __aAx" aZAx®m _ aAxem
y=A Ym-1)m * 12(m-1)(2m-1)m?  1:2:3(m-1)(2m-1)(3m-1)m? ete.

3oy 3m+l

+le_ aQ[xm” i aZQ[XZ'THl _ a3Ax
Ym+l)}m o 12(m+1)(2m+l)m?  1:23(m+1)(2m+1)(3m+1)m

5 +etc.

COROLLARIUM 3
932. Si exponens m fuerit positivus et unitate maior, hae series eo magis convergunt, quo
minor valor quantitati x tribuatur; aliis vero casibus in praxi hae series adhiberi nequeunt,
nisi forte eae ipsae in alias convergentes transformari possint.

SCHOLION 1
933. Dantur tamen casus, quibus hae series omni plane usu destituuntur, quod evenit, si
quispiam factorum denominatores constituentium evanescat sicque omnes termini
sequentes in infinitum excrescant, quibus casibus series in alias formas transmutari
convenit. Hic primo occurrit casus m=0 seu n=— 2, quo utriusque seriei omnes termini
praeter primos fiunt infiniti; hoc vero casu aequatio, quae est

ddy + 3% _ o,

X
cum sit homogenea, singularem integrationem admittit; inveniri enim potest potestas

ipsius X, quae pro y substituta aequationi satisfacit. Ponatur scilicet y = x* prodibitque

A(A-1)x* 2 +ax* 2 =0seu 14— A+1=0,

unde colligitur A :%i (%—a) , 0b quem duplicem valorem est integrale completum

y = Ax%+m + Bx%_‘/@ ,

quae casu a > abit in hanc formam
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1. 1\2
y:AXZSm.((a—Z) Ix+aj,
unde patet casu a=%fore

y=(A+BIx)Vx.

SCHOLION 2
934. Reliqui casus ad incommodum ducentes sunt, si vel m =% velm= —% denotante i

numerum quemcunque integrum. Casu m =% prior tantum series fit incongrua, casu vero

m= —% posterior tantum. Quare illo casu ponendo A=0, hoc. vero 2 =0, series saltem
una idonea habetur integrale particulare exhibens. Verum cognito integrali particulari,
quod sit y =P, inde aequationis ddy + axm‘zydx2 =0 integrale completum eruitur
ponendo y =Pz, unde fit

Pddz + 2dPdz + zddP + ax™?Pzdx? =0;
at per hypothesin estddP + ax™2Pdx? = 0, ergo prodit

Pddz + 2dPdz = 0 seu PPdz = Cdx et z=Cj%.

Cum autem P sit series infinita, hinc valorem ipsius z , cognoscere haud licet.
At casibus illis memoratis pars integralis logarithmum ipsius x involvit, quod vel inde

intelligitur, quod ijaequivaleat ipsi Ix. Quare in aequatione
ddy + axm‘zydx2 =0ponendo y=p+qlx ob dy=dp +%+ dglx erit
ddp + %—%WL ddqlx + apx™2dx? + agx™ 2dx%Ix = 0,

in qua partes Ix involventes seorsim destruantur necesse est, ita ut hae binae habeantur
aequationes

2dxdg _ qdx’

ddg +agx™*dx® = 0 et ddp+=2 9% 1 apx™dx? =0,

ubi pro q ea binarum superiorum serierum accipi debet, quae casu oblato incommodo
caret, eaque constituta ex posteriori aequatione facile quantitas p per seriem exprimetur.
Huiusmodi casus in sequentibus exemplis evolvamus; tantum notemus illam operationem
perinde se habere, etiamsi loco Ix sumatur Ix+a, ita ut inventis p et g futurum sit

y=aq+ p+qlx seu y=p+qlpx.
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EXEMPLUM 1
aydx?

935. Posito m =1hanc aequationem ddy +=— =0 per series resolvere.

Posito y = p+qlx capi oportet

_ _aAax® | afé  adaxt
q=2X—55-+1525 "T22334 T EC.

pro qua ponamus brevitatis gratia
g= Ax + BxZ + x5 + Dx* +etc.

Tum vero quaeratur p ex hac aequatione

ddp  2dg _ g , ap _
dX2+xdx xx+ x_0

fingamus ergo

p = A+Bx+Cx?+Dx3+Ex* +etc.
eritque facta substitutione

2C +6Dx +12Exx + 20Fx3 + 30Gx* + etc.
+%+4‘B+6€ + 8D +10¢ + 12F
A -B-€C — D — ¢ — F
+aA +aB+aC + aD + aE + aF

Cum iam dentur coefficientes 2,23,¢,D,¢& etc., erit A= —% ; quantitas
B non determinatur; tum vero

TT6 237 12083 23"
D 7a% ab [E _-9¢ _aE —9a*at aE

3 12.03.33.42 34’ 0 5 1222324352 45

etc.,
ubi pro B scribere licet 0, quandoquidem in integrali y = p+qlx addimus partem «q,
quae ex littera B oritur, ita ut sit

p=A+Cx?+Dx® +Ex* + Fx° +etc.
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Hinc erit
_ 3a% _ —14a% __70a% _ _—404a*u
C - 13.22 1 D - 12.23.32 1 E - 12.23.33.42 1 F - 12'22.32'43'52 1

ubi notetur esse 14=3-3+5-1, 70=4-14+7-1-2, 404 =5-70+9-1.2-3
et pro sequente 2688 =6-404+11-1-2-3-4. Estque

y=p+aq+qlx.
EXEMPLUM 2
2
936. Posito m = —1hanc aequationem ddy + ay;" =0 per series resolvere.
Posito y = p+ aq -+ qlx capi oportet
_A_@aA ,_a*A __ aA
A=A-15+ 12232 12345 etc.

pro qua ponatur brevitatis gratia
q= A+%+%+X—%+X—E+etc.;

tum vero quantitas p ex hac aequatione definiri debet

2dgdx  qdx? dx’
ddp +55 — 2=+ 5= =0.
Fingamus ergo

p:%x+%+%+%+%+%+etc.

unde facta substitutione prodit
%+i_?+ &+ i—§+i—§+etc.
-A-B -C -D - E -F ~0
-2B -4C -6D- 8E-10F
+2C+6D+12¢ + 205 +30&

et coefficientes A, B,¢, D, ¢ etc. ita determinantur, ut sit lef;
secundus B non definitur; tum vero est

page 1128
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Si sumatur, id quod sine detrimento generalitatis fieri licet, 6 =0, ita ut sit

= €, D,¢, 38
p_izlx+x+xx+x3+x4+etc.,

erit

_ —3aA _ 14a’A _ _—70a°A _ __404a°A
=tz P iy CTmpgs STrpgas O

qui valores similes sunt praecedentibus.

EXEMPLUM 3
aydx?

. 1 .
937. Posito m =3 hanc aequationem ddy + i

= O per series resolvere.

Posito y = p+aq+qlx capi oportet

3 2 3 5 4
oy 48 2, 1627 2 64a%A 5, 256a'd 3
q=RIX—"3X? + 1534 X ~ 123345 X T 12343456 X —ELC:

pro qua brevitatis gratia scribatur
3 2 3 3 5 4
g =2AX+BX2 +EX° +DX? +EX” +FX2 + BX™ +etc.;

tum vero quantitas p ex hac aequatione definiri debet

2dxdq  qdx® | apdx® _
ddp += — X\/;_0.
Fingamus ergo

1 3 5
p=A4+ AX? + Bx +Cx? + Dx2 + Ex? +Fx3+ etc.

prodibitque facta substitutione
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4, 2A a8 4 5C +aDVx +aEx+aFxyx etc.
PN

-A- B -C€— D — ¢ - F
+2A+3B +4C+ 5D +6€ + 7§
£+ 0 +3C+2D+E  +6F +3G

Hinc colligitur fore A :%,A = ; at B non determinatur; porro

48.& !

— —4aB 8B _ —4aB , 84al
C==3 "13=713 Tpg "

_ —4aC _12¢ _ —4aC 12168
D= 12¢ _ 1216a"A
24 24~ 24 130242

E_—4aD 16D _ —4aD , 1664a°%
- - + 220
- 35 1.3.2.4.32.5

3 5
F — —4aE 12_@; —4aE __ 20-256a%2
4.6 4.6 4.6 1.3-2.4.35.42.62 '

etc.

Quodsi iam ponatur B =0, ut sit

p= 2;25{1 Ql\/7+*+CX\/;+ DX + EX2\/7+ FX ©ete.
erit
C = 84a2 D -10016a’ [ _ _18846da’y
12.32 ! 12.32.22.4%2 7 12.32.92.42 32 52
_ _ —52416-256a*
F - 12'32'22'42'32'5242-62 etC"

ubi notetur esse

100= 2-4-8+1-3-12, 1884=3-5-100+1-3-2-4-16,
52416 = 4-6-1884+1-3-2-4-3-5-20.

EXEMPLUM 4

ayd} = 0 per series resolvere.

938. Posito m ——— hanc aequationem ddy +

Posito y = p+aq+qlx capi oportet

-3 . 16a’A -1 64a°A
=A-AX2 +{AX T — 288 X 2 + ete,

pro qua brevitatis causa scribamus

q=A+ BX 7 +Cx L4+ DX 2+ Ex 2+ Fx ¢ + etc.,
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et littera p ex hac aequatione definiri debet

2dxdq qd apdx
ddp + =0.
P X xx\/

Fingamus

p=A4x+ AVX +B +Qix_% +Ox L +Qix_% +Sx_2 + @x_% + etc.

et facta substitutione prodit

ad , a2 a®B aet a® ae ag
X\/_+ +XX\/_+ + 3f+ + J_+etc
-A- B -C- D -E-F 0
- B -2C- 3D -4E-5F ’
1 3 15 35
-7+ 3¢ +20+ 2F +65+36
unde sequentes determinationes colliguntur 2( = A etA= 9‘ =-2-.at B non

4aa !
determinatur; porro

_4aB , 8B _ —4aB  84aA
C==3+t13="13 gz

—4a¢ | 12C _ —4a¢ | 1216a°A
D=0 T2 = 20 Tane

¢ ——4aD 16D _ —4a® _ 1664a’A
35 1.3-2.4-32.52 "

5
F—4a¢ | 12E _ —da _ 20-256a*A
4.6 -6 4.6 1.3.2.4.35.42.62 '

etc.

_ —84aA _ 10016a’A _ _-1884-64a°A
=y PTrgrs CTrzpezs OO

qui numeri ut ante progrediuntur.

SCHOLION
939. Ex his exemplis perspicitur, quomodo series aequationem

ddy +a™ 2ydx? =0

resolventes in reliquis casibus, quibus m = i% , Inveniri oporteat; ubi observetur,

sisit m= +% pro g hanc seriem accipi debere

page 1131
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1 2 3
q=2Ax+BXT + X DX yetc,,

tum vero formam ipsius p tali serie exprimi

p=Ax+ Bxi +Cx% + Dxié +etc.,

cuius coefficientes ex superioribus ut ante definiantur. Sin autem sit
m=-1, pro g sumatur series

q=A+ BX ' +Cx "t +Dx ' +etc.,

at pro p huiusmodi formam accipi conveniet

1-1 1-2 1-3
p=2AX+BX +&EX | +DX ' +etc,,
unde pariter singulos coefficientes uno excepto determinare licebit. Atque hoc artificium
in genere est tenendum, quoties in resolutione aequationis generalis ad series pervenitur,
cuius coefficientes certis casibus in infinitum excrescunt, quod plerumque indicio est
logarithmos esse introducendos.

Verum etiam eadem aequatio ddy +a" ydx2 = 0aliis modis per series resolvi potest,

dum ea ante resolutionem in aliam formam transmutatur; ubi cum evenire possit, ut series
certis casibus abrumpatur, quibus adeo integrale revera assignari potest, talem
transformationem maxime notabilem hic explicemus.

PROBLEMA 118

940. Aequationem differentio-differentialem ddy + ax”ydx2 =0in aliam formam
transfundere, cuius resolutio per series infinitas commode institui possit.

SOLUTIO

Utamur substitutione y = el Pz ubi p sit certa functio ipsius x aequationem
commode resolubilem suppeditans. Erit ergo

dy =&/ P¥(dz + pzdx)
et
ddy = e/ P (ddz +2 pdxdz + zdxdp + ppzdxz) ,

unde aequatio proposita abit in

ddz + 2 pdxdz + zdxdp + ppzdx? + ax"zdx? =0,
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ubi p ita capiatur, ut fiat pp+ax" =0seu p= x2+/—a . Ponamus ideo
a=-cc et n=2m, ut proposita sit haec aequatio

ddy —cex®Mydx? =0,
quae posito p=cx™ et y =gl Pz = em X" 7 induet hanc formam

ddz + 2cx™dxdz + mex™zdx? =0
in qua cum x occupet vel nullam vel m +1 dimensiones, fingamus ipsius z valorem

7= Ax* 4+ BxPMH L oxAt2M2 et
quo substituto fit

A(A-D) A2+ (2+m+1)(A+m)Bx* ™ retc,,

+2AAC =0,
+ MAC

unde perspicuum est sumi debere vel 1 =0 vel A4 =1. Consequimur ergo
seriem duplicatam huiusmodi

7= A+Bx™! 1 Cx®™2 4 Dx®™3 L Ex*M™ L etc.

4AX +BXM2 L x2S L M @AM | et

qua substituta fit

(m+1)mBx™ ! +2(m+1)(2m+1)Cx*™ +3(m+1)(3m+2) Dx*™* +etc.
+mAC +2(m+1)Bc +4(m+1)Cc
+ mBc + mCc

(m+1)(m+2)Bx™ +2(m+1)(2m+3)ex*™ 4+ 3(m +1)(3m + 4)Dx>™*2 +etc.
+2%c +2(m+2)Bc +2(2m+3)¢c = 0,
+m2lc +mBc +mec

unde utrique coefficientes sequenti modo determinantur
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_ _—Ac _ —~(m+2)2c
m(m-1) B = me2)m)

o —(3m+2)Bc ¢ = —(3m+4)Bc
© 2(2m+1)(m+1) — 2(2m+3)(m+1)
_ —(5m+4)Cc _ —(5m+6)¢c
D= 3(3m+2)(m-+1) D= 3(3m+4)(m-+1)
_ —~(7m+6)Dc ¢ —~(7m+8)Dc
"~ 4(4m+3)(m+1) "~ 4(4m+5)(m+1)

etc. etc.

ubi bini coefficientes A et 2f manent indeterminati, ita ut hoc integrale completum

sit censendum.

ALITER
Sumta serie, in qua exponentes ipsius x decrescant, fieri debet 24+m =0 seu m=- 21
ut aequatio nostra sit

ddy — cox M ydx2 =0,

de —C X721+l

quae posito p=cx ety =elP¥z=e27* 7 abitin

ddz + 2cx A dxdz — 2cx 4 zdx? = 0
Ponamus ergo

7= A + B 1 x4 2 4 Dx3A 8 etc.

et substitutione facta prodit

0= A(A-1) Ax*"% +(32-1)(34-2)Bx** 3 +(54-2)(54-3)CXx>** +etc.
+2AAcx * 1 +2(34-1)Bc  +2(54-2)Cc + 2(72-3)Dc
—2AAc - 2ABc - 2ACc - 2ADc

unde coefficientes ita determinantur
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g —AA-YA _—AA-1)A

T (42-2) ©2(22-1)c
c - (323428 _ ~(34-1)(34-2)B
 (8a-4) 4221
D - <(64-2)(54-8)C _ ~(54-2)(52-3)C
- (122-6)c  6(24-1)c '
g _ ~(72-8)(72-4)p _ (74-8)(74-4)D
- (162-8)c  8(2a-1)c
etc.

Hic unius tantum litterae A valor arbitrio nostro relinquitur, ex quo haec series tantum
integrale particulare exhibet.

COROLLARIUM 1
941. Ex solutione priori patet alteram seriem terminari, quoties

(2i+1)m+2i=0 seum=5i—ﬂ,

alteram vero, quoties

(2i-1)m+2i=0 seu m:Z‘i—z_i1

denotante i numerum integrum quemcunque. His ergo casibus integrale saltem
particulare finite exprimi potest.

COROLLARIUM 2
942. Altera solutio praebet seriem finitam, quoties fuerit

vel (2i+1)A—i=0 vel (2i-1)A-i=0,

hocest 2= et m==2 utante. Reliquis vero casibus haec series in infinitum

excurrit.
COROLLARIUM 3

943. Casus ergo, quibus haec aequatio ddy—ccx”dx2 =0 atque adeo

ejudx

posito y = etiam haec du +uudx = ccx"dx integrationem saltem particularem

admittit, sunt n = 2“_';'1 sumendo pro i numerum integrum quemcunque [8 436-441].

SCHOLION
944. Sufficit autem integrale particulare invenisse, cum ex eo facile integrale completum
erui possit. Cum enim in integrali insit littera ¢, dum aequatio differentialis tantum
quadratum cc continet, perinde est, sive in integrali sumatur +c sive —c. Hinc, si integrale
particulare sity = P +cQ, erit etiam y =P —cQ integrale particulare, unde integrale

completum erit
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y=a(P+cQ)+S(P-cQ) seu y=aP+cQ.
Quo haec clarius explicentur, ad solutionem alteram aequationis

ddy —cex *ydx? =0

1-22

accommodentur, pro qua ponendo brevitatis gratia ﬁx =t fecimusy =e®z

et invenimus [§ 940]

aui AADA 3i | AAL(BAL(B3A-2)A 5i2
2= A 2(22-1)c 24(24-1)°cc X
A(A-1)(34-1)(34-2)(54-2)(51-3)A _7/-3

- 53 X + etc.
246(22-1)°c

Pro qua expressione distinguendo terminos per potestates pares ipsius ¢ divisos ab iis, qui
per potestates impares sunt divisi, scribamus z =P —cQ, ita ut iam P et Q tantum

potestates pares ipsius ¢ contineant, eritque integrale particulare unum y =e® ( P- cQ) et

alterum y =e"% (P +cQ), unde completum erit

y=1 P(oceCt +ﬂe““)—%cQ(ozeCt —ﬂe““).
Hinc, si ¢ sit numerus imaginarius seu cc = —bb, ut aequatio sit

ddy +bbx*ydx? =0,
erit 7= P—bQv—1 et e =ePV"L — cosht++/—1-sinbt, ergo

y= P(#cos.bt +#\/—_1-sin.bt)—bQ(#cos.bt + 201 -sin.bt)\/—_l :

sit 42 =y et “/\-1=5 atque integrale completum hoc casu ita exprimetur

y = P(ycosbt +dsinbt)—bQ(scosbt — ysinbt)

seu
y =(yP—o6bQ)cosbt+ (5P + ybQ)sinbt.
Casus ergo hoc modo integrabiles evolvamus.
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EXEMPLUM 1

945. Integrale aequationis ddy—ccydx2 =0invenire.
Hicest 1=0 et z=A atque t=x,undeob P=A et Q=0 eritintegrale
completum

y=ae™+ pe ™.
Casu autem cc = —bb aequationis ddy+bbydx2 =0 integrale completum erit

y = yC0s.bX + osin bx.

EXEMPLUM 2
946. Integrale aequationis ddy —ccx *ydx? = 0 invenire.

Hicob A=1est z=Axett=—-1, undeob P=x et Q=0fit
y :(oeect +,Be‘°t)x.
Casu autem cc = —bb aequationis ddy +bbx *ydx? = 0 integrale est
y = (acosbt + Bsinbt)x
existente t==1.

EXEMPLUM 3
947. Integrale aequationis ddy—ccx_%ydx2 = 0invenire.

_1lfitR—_A — Ay3_A _2y3 — 3 _1
Ob A=3fitB=-2r et z=Ax* -4 atque t=3x%, undeP=x* et Q=7_.
Integrale ergo erit

y= (ozect +pe ™ ) X3 —(ozect —pe ™ )3—1C
Casu autem cc =—bb aequationis ddy + bbx_%ydx2 =0 integrale est

y = (acosbt + Ssinbt) X3 +4-( fcos bt —asinbt).
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EXEMPLUM 4
948. Integrale aequationis ddy—ccx_%ydx =0 invenire
Ob A=%fitB=4 et z:Ax%—3Ax,itautsit P=x5 et Q
Posito ergo t =-3x s

integrale ita exprimitur
y= %(ae + e ° ) (ozeCt —ﬂe““).
Casu autem cc =-bb aequationis ddy + bbx_%ydx2 =0 integrale est

y = %(acos bt + gsinbt) -

3(Bcos bt — asin bt)

EXEMPLUM 5
949. Integrale aequationis ddy—ccx_%ydx =0 invenire

Ob lz%estB:ﬁ et C=- 3A

. 2
Jhinc 2= Axs —3Ax5 4 SA
5¢ 52¢cc

Posito ergo t = 5x5 integrale erit

ideoque P = x5+ 3 — et Q= 3,

5cc
y=( k - pe ).

Casu autem cc = —bb aequationis ddy + bbx 5 ydx2 =0 integrale est

3

ct —ct)_ 3 y&
2cc)(ae +pe ) 5c (

y:( : 52bb)(acosbt+ﬂsmbt) 3

£ X ( Acos bt - asinbt).

PROBLEMA 119
950. Aequationis ditferentio—differentialis

ddy —cox? 1ydx2 = 0

integrale completum assignare denotante i numerum integrum guemcungue

SOLUTIO

valore ipsius z per seriem invento

Sit brevitatis gratia t = —(2i —1) x77 unde fit x27 = — 2L ac posito y =€~z pro

page 1138
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Z = AX?1 4 Bx? + Cx2 + Dx2 +etC.
ob 2=l hi coefficientes ita determinantur
(iAo (is)(i-2)B ~  (i+2)(i-3)C
B= 2(2i-1)c’ C= 42i-1)c D= 6(2i-1)c etc.,

quibus substitutis et introducto valore X2 = —% , erit

i i(i-1) i(ii-1)(i-2) i(ii-1)(ii-4)(i-3
z=Axa (1_ (2ct) (2-4?:((:& )1 2?51.60333( )+etc.)

sive hoc modo

2ct 2-4cctt 2.4.6¢%3

Z:_A(l_i(i—l) i(ii-1)(i-2) i(ii—l)(ii—4)(i—3)+etc.)

Atque hinc aequationis propositae integrale completum ita exprimetur

y=t (1+ i(iiz_jz(;tzz) + Kii_l)g:?é;;f Ni4) etc.)(oceCt + ,Be‘Ct)

e (i(i—l) N i(ii-1)(ii—4)(i-3) +etc.)(aect _ﬂe—ct),

2ct 2-4.6¢33

ubi in utraque progressione lex formationis singulorum terminorum est manifesta.

COROLLARIUM 1
951. Hinc quoque illius aequationis

ddy + bbx%ydx2 =0 integrale completum manente t = —(2i— I)xﬁI1 est

y=t" (1— i(iizjz)(tjtzz) + i(“_l)(zi::.)é;;f Ni=4) _ etc.)(acos.bt + fsin bt)

+t ( i(zi;tl) - i(“_ggi;bit)s(i_s) + i("_1)(ii;j)§;__1%)é;i;16)(i_s) - etc.)( Bcosbt —asin bt),
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COROLLARIUM 2
952. Si i sit numerus negativus, haec integratio perinde succedit; aequationis
enim

ddy — cox i ydx? = 0
posito t =(2i+ I)xﬁ integrala erit

yt (1+ (02) (-804 etc.)(aect g

2ct 246033 2.4.6:810ct°

) MO0 M) ) )

COROLLARIUM 3
953. Simili modo huius aequationis

ddy + bbx2 ydx? = 0

I .
posito t =(2i+1) x>+ integrale completum erit

y=t (1— I(i1)(i+2) | i(ii-)(i-)(i-9)(i+4) —etc.)(acos.bt + fsin bt)

2-4bbtt 2.4-6.8b%t*
i(i(i40) i(ii-1)(ii-4)(i+3)  i(ii-1)(ii-4)(ii-9)(ii-16)(i+5 )
+1 ( (th)— ( 2?51-6b3t)3( )+ (i1 2.4).2.8.1015%5 X )—etc.)(ﬁcos.bt—asm.bt),

COROLLARIUM 4
954. In formulis sinus et cosinus continentibus si ponatur

a =Csing et f=Ccos.d ,
expressiones nostrae ita contrahuntur, ut fiat

acos bt + Bsinbt = Csin.(bt+¢) et Scosbt—asinbt =Ccos.(bt+¢),

ut iam hic C et sint constantes arbitrariae integrale completum reddentes.
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SCHOLION
955. Hinc egregium adipiscimur adminiculum ad casus integrabilitatis huius aequationis
differentialis primi gradus

du +uudx +ax"dx =0

agnoscendos simulque integralia completa definienda; nascitur enim haec aequatio ex ista

ddy +ax"ydx? = 0 ponendo y = e!"® unde ex illa vicissim haec oritur ponendo u = % .

Cum igitur istius integrale assignare licuerit casibus, quibus exponens n :%jl iisdem
casibus integrale aequationis differentialis primi gradus assignare licebit, ubi quidem
duos casus evolvi convenit, prout a fuerit vel numerus negativus a = —cc vel positivus

a=+bb. Hos igitur duos casus pertractasse operae erit pretium.

PROBLEMA 120
956. Denotante i numerum integrum sive positivum sive negativum quemcunque
invenire integrale huius aequationis

—4i
du +uudx —ccxz+1dx =0.

SOLUTIO
Posito u = % haec aequatio transformatur in istam

ddy —cox?ydx2 = 0

sumto elemento dx constante, cuius integrale assignavimus. Posito scilicet
: L
t=(2i+1)x77 est

y :(aect +ﬂe_0t)(ti N i(ii;2£1+2)ti—2 N i(ii_l)(i;:_lg_(;;g)(iM)ti_4 +etc,

(et - e )( () i M4H03) -2 | )i 26)045) -5 etc.).

Ponamus brevitatis gratia
y= (ozeCt +pe ™ ) P —(ocect —pe ™ )Q
et cum sit

dt = x2+dx seu dx= x2+dt,
erit
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dy (oceCt +pe ™ )(dP—cht)—(ozeCt -pe® )(cPdt—dQ)

dx xﬁdt

sive

dy _ ae®(dP+cPdt-dQ—cQdt)+Be *(dP—cPdt+dQ—cQdt)
o= _

20
X2|+1dt
At vero est

P _jiiL 4 i(ii—1)(i—4)ti—3 N i(ii—l)(ii—4)(ii—9)(i—l6)ti_5
dt 2-4cc 468
cQ = i(i2+1) e i(ii_lﬂ.;jz)(i+3)ti_3 N i(ii_l)(ii_;i(.(isi.;ié(ci‘i‘_m)(i%) 5 4 etc.

+etc.,

P octi 4 i(ii—zlzl(ci+2)ti_2 N i(ii—l)(i;—‘:.lG).(;;9)(i+4) 4
dQ _ i(ii1) jia  i(ii-0)(ii-)(ii-9) i-a

et S 226 +etc.

+ etc.

unde colligitur

dP-cQut _ _i(i-1) g i(ii-1)(i-4)(i-3) ;i3 _ i(ii-1)(ii-4)(ii-9)(i-16)(i-5) ;i5 _ .
dt 2 2:4-6¢2 2-4-6:810c* "

cPdt—dQ _ ot + i(ii-1)(i-2) 2, i(ii-1)(ii—4)(ii-9)(i-4) 4 4 etc
dt 2-4c 2.4.6.8¢® '

Ponamus ad abbreviandum
i (i) (i+2) e i(ii-)(ii-4)(ii-9)(i+4) Li-a
P=t'+- 5t + YT t'™" +etc.,

0= i(i+1)ti_1 + i(ii-1)(ii—-4)(i+3) ti_g + i(ii-1)(ii—4)(ii-9)(ii-16)(i+5) ti_5
2c 2.4.6¢° 2-4.6:810c®

+etc.,

R gl 4 0D(0-2) i2 | i(i2)i=4)(i-9)(-4) ;i-a

2-4cc 2.4.6.8¢c* +etc.

g = i1 M-8)09) 5 | Hii--OA0K9) 5y

ut sit
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dy _ (aect+ﬂe—ct )(—CS )—(aem—ﬂe‘“ )(CR)

- 2i
dx (A

Quare, cum sit u = % , erit nostrae aequationes integrale completum

. t —ct t —ct
lxﬁu _ (oceC -pe© )R—(ocec +pe° )S
¢ (ozec‘+,6e’“)P—(cze“—ﬂe’Cl )Q
sive
% x%u _ ae®(R-S)-Be % (R+S)

ae®(P-Q)+pe % (P+Q)’
quod ob rationem constantium a: £ arbitrariam est completum.

COROLLARIUM 1
957. Quaternae formulae P, Q, R, S, quae singulae casibus, quibus i est numerus integer,
abrumpuntur, ita a se invicem pendent, ut sit primo

_p_dQ _Oo_dp
R=P-5 et S=0- &

tum vero
dP+dR = ZRdL et dQ+ds =23t

COROLLARIUM 2
958. Posito ergo vel « =0 vel g =0 integralia particularia algebraica

. . AL . .
aequationis du +uudx —ccx2+dx =0 exhiberi possunt, quae sunt
17y — R=S ot 1yo01 S-R
E)(2|+1u — R—o et EXZH—lu — o7

P—Q P+Q
ideoque hac una formula comprehendi possunt

2i
1 y2iiy) — =S£tR
cXU= PFQ
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SCHOLION 1
959. Pro variis ergo valoribus numeri i tam quantitas t quam litterae P, Q, R, S sequenti
modo se habebunt. Primo scilicetsii =0, erit t =x atqueP =1, Q=0,R=1etS=0;
reliquos casus in sequenti tabella repraesentemus:

_ __1 1
I—_ly t__Y |:1’ t:3x3
_1 _
P=¢ Q=0 P=t, Q=1
_1 _ 1 _ _
R=t, S=& R=t, §=0
_ __23 . 1
'="2 t=—7 i=2, t=5x*
X
= 3 -3
P:%, Q:% P—tt+cc, Q_ct
Cl
- _1
R=14, 3 g_3 R=tt, S==t
t - cet*’ ot
_ __>5 1
I =-3, t———% =3, t=7x7
X
35 _6 35
_ 113 _3 P=tt+=2, Q=2tt+=2
Pevtar oo QT CHHG
R=1435 g_6,35 R—t3+%t, S =3t
2 cot®’ ct*  c%®
i=—4, t=—-1L . 1
- Tl i=4, t=9x
X7
4,335 357
=1,35 P=t"+=2tt+
P_t_“—ircct6 ce ct
1043 | 357
=6 +35 =10¢3 4 357¢
Q=cetaw Q="+
4,35
_1,335, 357 — 35
R_t_4+cc_6+c4t8’ R=t +cctt
613, 35
_ 10 | 357 — 63,35
S_?+C3t7 S Ct +C3t
i . 1
1 =-5, t:—% i=5, t=11xu
X9
p_1,335,357 P=t° +%t3+3'5'47’9t
R e c
1514 | 4357 35.7.9
_ 10 , 357 =15¢% 4 tt 4 357
Q_ct_6+ c*® Q c ¢ c®
5, 33543, 357
_ 1,357 3579 = 335
F e R=t"+5t +C4t
_15 , 4357, 3579 _ 104 , 357
S_ct_6+ St S=Tt+ = tt
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i _ -1 . 1
I=-6, t==% i=6, t=13x1
Xll
6, 235744 53579 357911
357 , 3579 P=t"+ 7+ tt+
P= t6 + 5 cof? + 50 50 cc ct c8
Q=15 4357 3579 Q=215 1 457943, 3579114
ct’ 3 T c c c
6 , 357+4 , 3579
1 2357 , 53579 , 357911 = Sl oo (9
R==%+ cct® + c4lo + cbti2 R=t"+ cc t+ ct t
21 4 4579 | 357911 _ 1545 435743 , 3579
S_Ct7+ o0 + o S_Ct + & r°+ & t.

SCHOLION 2
960. Dum hae formulae diligentius considerantur, nova se prodit relatio inter valores
litterarum P, Q, R, S, quae in hoc consistit, ut perpetuo sit PR —QS =t?' cuius veritas

primo quidem per inductionem deprehenditur, tum vero etiam per relationes supra datas
demonstrari potest. Si enim valores

R=P- cdt etS Q- cdt
in aequationibus

dP+dR = 2R et dQ+dS =250t

substituantur, oriuntur hae duae aequationes

2dP — ddQ _ 2iPdt _ 2idQ et de_dd_P_ 2iQdt  2idp.

cdt t ct cdt — t ¢t °

quarum illa per P, haec vero per — Q multiplicata iunctim dant

2PdP —2QdQ + XP-PAQ _ 2idt (pp _ Q)+ 21(QdP - PdQ).

Ponatur

PP-QQ=M et XPPR_;

erit

dM +dN =21 (M + N) sey dMdN _ 2idt

hincque integrando M + N =Ct?'. At est
— dQ dP ) _
M+N_P( Cdt) Q(Q-)=PR-Qs,

evidens autem est pro constante C unitatem accipi debere.
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PROBLEMA 121
961. Denotante i numerum integrum sive positivum sive negativum quemcunque
invenire integrale completum huius aequationis

du + uudx + bbxz_i%ildx =0.

SOLUTIO
Posito u = % haec aequatio transformatur in istam
ddy +bbx7# ydx? = 0

sumto elemento dx constante, cuius integrale supra est assignatum. Scilicet
1, .
posito t =(2i+1) x>+ invenimus (§ 953, 954)

y=C (ti —Wti‘z + i("_l)(izi:lgg;g)(m)ti‘4 —etc.)sin.(bt +¢)

(s 2 eos o),

cuius loco brevitatis gratia scribamus

y =CPsin. (bt +¢)+CQcos.(bt + ).

Hinc ob
dt = xz%ldx seu dx= xﬁdt
erit
dy _ C(dP-bQdt)sin (bt+¢)+C(dQ-+bPdt)cos.(bt+¢)
dx ~ 2
X2|+1dt

. _ﬂ .
unde, cum sit u = yx erit

(dP—bQdt)sin (bt+¢ )+(dQ+bPdt )cos.(bt+¢)

xﬁdt( Psin (bt+¢)+Qcos.(bt+¢))

Ponamus
dQ _ dP _
P+ bt — R et Q “odt S y
ut sit
lxﬁu _ Reos(bt+£)-Ssin.(bt+C)
b Psin (bt+¢ )+Qcos(bt+¢)

erit
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oo A g

i(i+1) i—q  i(ii=1)(ii—4)(i+3) ,j_3  i(ii-1)(ii-4)(ii—-9)(ii-16)(i+5) ,j_
Q = sty HIT0Ni39) o5 | HIAONIANI5) 5y

S U NS U T TN

(i) iy i(ii-a)(ii-a)(i-3) i3 i(ii-1)(ii-4)(ii-9)(ii-16)(i-5) ,i_5
S="m U~ U T 2.4.6810b° t - —ete.

atque ob angulum ¢ introductum hoc integrale erit completum.

COROLLARIUM 1
962. Quaternarum ergo litterarum P, Q, R, S valores ita a se invicem pendent, ut sit primo

_ dQ _ dP
R_P+W etS—Q—W,

tum vero etiam patet fore
dP +dR =2RdL et dQ+dS =23,

COROLLARIUM 2
963. Deinde etiam colligitur fore PR+QS = t2 quae aequalitas ex praecedentis
problematis formulis [§ 960] deducitur sumto cc =—bb, ubi Q et S abeunt

in Q\/—_l et v-1.
COROLLARIUM 3

964. Hic casus a praecedente etiam hoc differt, quod hic nulla dentur integralia
particularia algebraica [8§ 958]. Quicunque enim valor angulo constanti £ tribuatur,

integrale semper sinum et cosinum cuiusdam anguli involvit.

SCHOLION 1
965. Cum igitur aequationis

du + uudx + bbx2dx = 0
integrale completum posito t = (2i + I)xﬁ sit

_ Reos(bt+¢)-Ssin.(bt+¢)
~ Psin(bt+¢)+Qcos (bt+¢)

2i
1 y2ia
bX'*U
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pro singulis valoribus numeri i quantitas t cum litteris P, Q, R, S ita se habebit. Primo si
i=0,erit

P=1,Q=0,R=1etS=0,item t=x,
ita ut integrale sit

1, = cos(bx+¢)
b™ " sin(bx+¢)
Reliquos casus sequens tabella exhibet:
P __1 . 1
I=-1 t=-5 i=1 t=3x’
P=1 Q=0 P=t, Q=%
_1 _1 - -
1
i=-2, t=—% iI=2, t=5x°
X3
—tt_3 -3
P=%, sz_# P=tt—p5, Q=4t
_ _1
Ro1_ 3 g_3 R=tt, S=1t
tt  pbt*’ bt®
__5 1
I=-3, t—__% i=3, t=7x"
X
_1_.13 _3 P=tt-32 Q=28t-3
=¥ T 9Tt 3 b
_1_35 g__6 _35 R=t"-13t, s=31tt
T bbt®’ T ptt b
H . 1
i=—4, t=-7F i=4, t=9x°
X7
—1_35 P=t4—%tt+3'5‘;7
T bt , b
1043 _ 357
_ 6 _ 35 —10¢3 _357
Q=45 o QR
4_35
_ 1335, 357 _t4_35
=T T hot T b R=U -t
63 _35
_ 10 _ 357 _6¢3_35
=5 o >Tpt !
H — . 1
i=-5, t== i=5, t=11x
X
1 335, 357 Pzts—%t3+&z'9t
T bbt’ | b4 . b
15:4 _ 43574 , 3579
_ 10 357 _15¢4 _ 43574 , 3579
Q=4 o QT TR
5 3353, 357
_1_357, 3579 _5_33543 357
R=%& o * 0 REU =5 Tyt
_ 15 4357 , 3579 _1044 _ 357
S_F_ ot T bl S=%t <pl
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H — . 1
i=-6, t==1 i=6, t=13x3
x11
p—t8 2357'[ 4 535794 357911
p—1_357,3579 Z 5
t© bbt® | bt b b
Q=15 _4357 3579 Q =% — 457843 | 357041
bt’ b3t° b5t b b
R=1_ 2357 , 53579 _ 357911 R=t 35 7 '[4 +3579 35 7 9 tt
t6 bbt8 b4t10 b6t12
_ 21 _ 4579, 357911 _15:5 _ 4357 3 5 7 35.7.9
“ b’ bY | btE 5=t vy v

SCHOLIUM 2

966. Forma integralis inventa modum suppeditat aequationem propositam

du + uudx + Axﬁdx =0

in speciem simpliciorem transformandi. Primo enim ponatur

XTIy =V seu U= X2y

ac prodibit

=20
X2y — -2 x 2 ydx + X2 vvdx + AxEidx = 0

2i+1

Seu

i 21 2
dv — 2 O 4 xZiyvx + A2 TdX = 0

Ponatur porro t = (2i+ I)xﬁ ; erit
_ oo dt _ 1 .dx
dt = x2dx et T T
unde fit
dv -2 4 yydt + Adt =0.

Sit insuper v = %+ Z , ut prodeat

|dt + (z — 2iidt 2|§dt +%+ 2i§dt +7zdt+ Adt=0

tt
Sseu

dz + zzdt — ﬂ +Adt=0,
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quae ergo, quoties i est numerus integer, est integrabilis.
Simili modo haec aequatio

du +uudx + Ax"dx =0

generalius ita transformari potest: Posito u=x"v et v=z-11x"*"
obtinetur
dz + x*zzdx +12(2+2) X *2dx + AxX"*dx =0,

quae porro posito x*dx =dt seu x**' =(2+1)t abitin

dz + zzdt + AH+2)dt +A(4 +1)% £ dt =0

4(A+1)tt
quae aequatio est integrabilis, quoties n = Z‘I—‘J';'l unde numerum A pro lubitu assumendo

innumerabiles formae exhiberi possunt. Si capiatur 2 =-1, fit t=Ix et

dz + zzdt -1 dt + Ae g — 0.



