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CHAPTER XVI

CONCERNING THE DIFFERENTIATION
OF INEXPLICABLE FUNCTIONS

367. Here | call functions inexplicable, which are not able to be set out by determined
expressions nor from the roots of equations, thus so that not only shall they not be
algebraic, but also generally it shall be uncertain to what kind of transcending functions
they may be related. An inexplicable function of this kind is

1.1,...41
I+5+5+ -+,

which certainly depends on x, but unless x shall be a whole number, cannot be explained in
any manner. In a similar manner this expression

1.2-3-4..-x
will be an inexplicable function of x, because, if x shall be any number, the value of which
is unable be expressed either algebraically, or indeed by any sure kind of transcending
quantity. Therefore generally the notion of such inexplicable functions can be derived from
series. Indeed some proposed series shall be

1 2 3 4 ... X
A+B +C+D+---+ X,

the sum of which, if it is unable to be expressed by a finite formula, will behave as an
inexplicable function of x, evidently

S=A+B+C+D+---+X.
Similarly continued products from the terms of the series as
P=A-B-C-D---X

will show inexplicable functions of x, but which with the aid of logarithms are able to be
returned to the prior form ; for there shall be

IP=IA+IB+IC+ID+---+1X.

[We would now perhaps recognise Euler's inexplicable functions as a form of implicit
functions, in which it is difficult or impossible to separate the variables, or in any case not
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worthwhile. It is apparent that Euler's inexplicable sum function for the case of a
generalized harmonic series starts from the terms A, B, C, etc., the values of which are
shown for the whole number index corresponding to the position in the series ; however a
value x may be given, which is simply an integer treates as a real number, upon which the

series terminates and the whole finite series is given by S(x)=1+%+%+---+1, the last

integral term being % the following term in the series
$'(x)=S(x)+X"'=1+3+1+---+1+-1- etc, and thus S is the function of x; evidently if
we set x = n, the customary harmonic series emerges as far as n . Note that if x=0, S is
defined to be zero also. In general for any sum or product, the starting terms are A, B, C,
etc.

Ed Sandifer has given a commentary on some aspects of this chapter in his How Euler
Did It series of articles for the AMA, which it may be useful to read in conjunction with this
translation, as part of Euler's work relates to the Beta and Gamma functions, and to the later
Riemann zeta function, to be developed further in the next chapter; clearly a complete
understanding of what the chapter contains, and it is certainly forward looking in nature,
can only be found from a careful reading, as well as the previous chapters on which it
depends. As Sandifer points out, little or no regard is paid to convergence of the series,
which of course may be diverging, and hence the rearrangement of the terms in such series
may be viewed with some suspicion; however, that is for the reader to decide.]

368. Therefore in this chapter | have put in place a method to explain the differentials of
inexplicable functions of this kind requiring to be investigated. Which argument, although
it may be considered to relate to the first part of this work, where the precepts of the
differential calculus have been treated, yet, because it demands the more fertile knowledge
of the principles of series, from which it is better to come upon in this other part of the
work, by compelling to relinquish in this place the natural order that we have touched on.
But since this investigation shall be wholly new not only shall it be free at this stage from
any [previous] treatment, so that we may be able to resolve this part of the differential
calculus, as we try rather to outline only the first elements of this. In addition truly | may
propose several questions, the explanation of which may require the differentiation of
functions of this kind, so that likewise the use of this treatment may be seen more clearly,
which moreover without doubt will be much enlarged on later.

369. Before all it is necessary towards the differentiation of functions of this kind, that we
shall investigate the values of these which they adopt if for x there may be put x+ .
Therefore let there be

1 2 3 4 ... X
S=A +B + C+D +---+ X,

and 2 may be put the value of S which it takes, if for x there may be put x+ @, and Z
shall be the value of the term corresponding to the index X+ . Therefore now the terms,
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which correspond to the indices x+1,x + 2, x+ 3 etc., may be indicated by X', X", X" etc.

and that, which it is agreed to indicate advanced to infinity x+o, by X [ . [Note : this
notation does not mean that X has been raised to an infinite power, but indicates rather the
form adopted by X at this stage.] And in a similar manner suitable terms with the indices
X+w+1, X+w+2, X+w+3 etc. may be indicated by Z', Z", Z" etc. and let

yid correspond to the term x + @ + oo . With which in place there shall be

S'" =S+X'

S" =S+ X'+ X"

S"=S5+ X'+ X"+ X™
etc.

SP o s X X X s X,

In a similar manner X2 also may be increased successively by the terms Z', Z" etc., there
will be

2t =2+7'

2" =X+ 7'+ 7"

2=+ 7'+ 2"+ 2"
etc.

sH-svzv zrvzme oy 27

370. Now the nature of the series S, S', S, S™ etc. is required to be considered carefully, of
what kind it may become if continued to infinity; which if it may be formed into an
arithmetic progression to infinity, will come about if the terms of the series X, X', X", X"
etc. may converge to equality at infinity [i.e. they become equal to each other], thus so that
the differences of the series S, S',S" etc. finally are made equal, and in this case the
quantities S, s g2

be > = 5"l [as the term added to 5" is a)(S“”” —Sw), ie.

etc. will be in arithmetic progression, and since there shall

@ x common difference of the A.P., where @ may be a finite or an infinitesimal quantity in
general,] on account of

there will be
2‘00‘ _ wS\om—]J +(1—a))3‘00‘
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But there is S = sl 4 x [+ . from which there is made

sl _ g,y =

from which this equation may be obtained
S+Z242"+ 2%+ 2" = s ) X X X L o x

from which the value X sought may be defined, which the function S adopts, while in that
X+ w is substituted in place of x, and there will be

I = StaxX ™LX X" X" rete. to infinity
—Z'-7"-7Z" —etc. toinfinity.

Whereby if the most infinite terms of the series A, B, C, D etc. may vanish [i.e. these
terms furthest away at infinity], the term @ X =+ \will vanish and can be ignored.

371. Therefore the value of X is expressed by a new infinite series, which can be shown, if
the general term of the series A+ B+ C + etc. may be considered, from which the values of
the terms Z', Z", Z", etc. can be defined. Therefore on putting @ infinitely small, since

2 — S shall be the differential of the function S, this differential dS will be expressed by an
infinite series. And if indeed higher powers of @ may not be ignored, the complete
differential of this inexplicable function S will be had; we will illustrate this matter with the
following examples, so that the nature of which may be made more clear on examination.

EXAMPLE 1
To find the [complete] differential of this inexplicable function

— 1. 1,....1
S_1+2+3+ +5

Because the general term X of this series is =% and therefore

1 1
X'= X+1 Z'= X+1+w
no_ 1 "o 1
X"= X+2 2" = X+2+@
o L o 1
X" = X+3 " = X+3+@
etc. etc.,

on account of
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X‘oo+1‘

X+oo+1 =0,
if there is put x+ @ in place of x, the function S will change into X', so that there shall be

y=S+-L 1

1 1

X+1 +x+2 + X+3 +etc.
1 __1 1
X+l+w

X+2+0  x+3+w etc.,
or with these two terms collected into single terms there will be
=S+ ©

(x+1)(x+1+o) * (X+2)(?<)+2+w) + (X+3)(?()+3+w) +etc,

or since there shall be

1 _ 1 @ @’ w®
1 -1 _ + -~ +etc.
Xthto x4l (1) (x+1)° (x+1)"
1 _ 1 10} o’ o®
21 =1 + —~ +etc.
Xt2to X2 (x12)"  (x42)°  (x+2)’

etc.

there will be, with the following powers of @ ordered properly,

1 1 1 1
2 =S +a>( >+ ey + a3 + oy +etc.]

2

[
&

-I—Ct)3

“(

Therefore on putting dx for @ we will obtain the complete differential of the proposed
function S

1

+ + etc.
x+2 (x+3)4 (x+ ) j
x+2

8

1

+—1 4+ etc.j
(x+3) (x+4)

x+1
L+ 1 _setc.
x+1 x+2 (x+3) (x+4)
x+1
x+1

etc.
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dS:dx( L4 1 4+ 1 4+ 1 Letc

(x+1)"  (x+2)*  (x+3)°  (x+4)

—dxz((x1 4L+ 1 4 1 _etc
+1)" (x+2)°  (x+3)7  (x+4)

v L 41 4 1 L 1 et
((X+l)4 (x+2)4 (x+3)4 (x+4)4

—dx4[ 1 4 1 4 1 4 1 +etc.)
(x+1)5 (x+2)5 (x+3)5 (x+4)5

etc.

EXAMPLE 2
To find the [complete] differential of this inexplicable function of x

=14+14241, .41
S=l+5+c+5++5 7

Because the general term of this series is X =1 , there will be

2x-1
v 1 L 1

X'= 2x+1 Z'= 2X+H1+2w
n — 1 n — l

X"= 2X+3 "= 2X+3+2w
mo_ 1 mo_

X™= 2x+5 "= 2X+5+2m

etc. etc.,

On account of the infinite terms of this series vanishing and being equal to each other, if in
place of x there may be put x + @ ,the value of S will produce,

_ 1 1 1
=5+ 53 * muz T 203 TEIC

_ 1 _ 1 _ 1 _
2X+14+2w  2X+3+2w  X+5+2w etc.,

or

= 20 20
2=S+ @l 2oatze) T (@ad)exisiza) T etc.,

In truth if the individual terms may be resolved into a series following the powers of @,
there will be
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>=S+20| —L15+—1+—1 _tetc
(2x+1)"  (2x+3)"  (2x+5)

_4p?| 1 1 1
4o ((2x+1)3 " (2x+3)° " (2x+5)° +etc.j

1 1 1
8o ((2x+1)4 " (2x+3)* " (2x+5)* " etC'J

—160)[ 1 1 1 5+etc.]
(2x+1)”  (2x+3)"  (2x+5)

etc.

Now there may be put dx for @ and the complete differential of the inexplicable function S
proposed will be produced

dsS = 2dx

— 4dx?

1
7+ + etc.
( 2x+1)? (2x+3 (2x+5)° ]

s+ —L—+etc.
(2x+1 2x+3 (2x+5)’

+ 8dx3(

—16dx4(

= +etc.

-+ etc.
(2x+1)" 2x+3 2x+5 J
2x+1 2x+3 2x+5 j

EXAMPLE 3
To find the complete differential of this inexplicable function of x

S=1+1 +31n+41n+ +1

Since the general term of this series shall be = -L-, the infinite terms vanish and are
equal to each other. And hence on account of

VO h__ 1
(x+1)" (x+2+@)"
xmo_ 1 Zn__ 1
(x+2)" (x+2+o)"
o1 w1
(x+3)" (x+3+w)"
etc. etc.,
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there will be
X'—7' = Mo _ n(n+l)w’ N n(n+1)(n+2)e* _etc
C ()™ o)™ e(x)™ '
X n_ le _ no _ n(n+1)a)2 + n(n+l)(n+2)a)3 _ etc
C(x+2)" 2(x+2)™ 6(x+2)""° '
etc.

from which there may be found

Z—S:na)( l__4 1n+l+etc.j

1 4
(x+)™  (x+2)™  (x+3)

n(n+l) 2 1 1 1
— 0] + + + etc.
12 ( (X+1)n+2 (X+2)n+2 (X+3)n+2

n(n+l)(n+2) 3
4 D(nd)n+2) (( l__+ - ——, X+én+3+etc.j

123

Whereby on putting » = dx the complete differential of the function sought S will be
produced

(x+1)"™  (x+2)™  (x43)
_ n(n+1) dxz( 141 etc.)
(x+ X+3)

dS:ndx( l_ 1 __4 1n+l+etc.]

12

n(n+1)(n+2) d 3 1 1 1
———55—0X etc.
+ 1.2-3 (X+l)n+3 + (X+2)n+3 + (X+3)n+3 +

etc.

372. From these also the sums of such series are to be interpolated or the values of the
summatory terms can be shown, when the number of terms is not a whole number. Indeed
if there may be put x =0, also there will be S=0and 2 will express the sum of the terms,
as many times as the number @ may contain units, even if this number @ shall not be an
integer. Thus in the first example, if there may be put

=1+Li414...41
2=l+5+5+ 4,

there will be

— [0) w w (4]
> =Tire) T Azra) T Wora) T Hara) T O

or



EULER'S
INSTITUTIONUM CALCULI DIFFERENTIALIS PART 2

Chapter 16
Translated and annotated by lan Bruce.
1116
_ 1,1 ,1
2= a)(1+ + 5+ —+etc.)

(1+1+13+1+ +etc)
ERRVE

24 34 44 54
etc.

(1+ +Li+Ll 4+ L +etc)

Truly in the third example there will be

> = 1+1+1n+1n+ +1
34

And the value of X', if wshall be a whole number or a fraction, will be expressed by a
series in the following manner

Zznco( 1 4 1 4 1 +etc)

2n+l 3n+l 4n+l

(n+1) 1
- 1.2 1+ 2n+2 3n+2 + 4n+2 + etC
(n+1)(n+2) 1
1.2-3 1+ 2n+3 + 3n+3 + 4n+3 +etc
etc.

373. These likewise can be adapted to the general series ; for since there shall be

1 2 3 4 ... X
S=A +B + C+D +---+ X,

and on putting x+ @ in place of x , X may be changed into Z and S into ', there will be

7 = X+a)dX+a)ddX+de+etC
dx = 12dx®  1.2:3dx3

and because in a similar manner Z', Z", Z™ etc. are expressed by X', X", X" etc.,
[Recall from previously that

5= S+oX TN X X"+ X" rete.  to infinity
—-Z2'-7"-Z7" —etc. toinfinity. ]
there will be
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F=S+oXP o d (X X"+ X"+ X ete)

2 ' " m . 3 3 ' " . .
=72 dd (X4 X XM XM ete.) = 2 d (X X X+ X et

etc.,

and unless X o+ shall be =0, it may be expressed in such a manner that the consideration
to infinity may be removed,

X‘w“‘ = X'+(X"— X‘)+(X"'— X")+(X""— X"')+etc.
and therefore there will be
2 =S +a)X'+a)((X"— X')+(X"'— X")+(X""— X"')+etc.)
_d% .(X XXM XM etc.)

— 0’ dd.( X'+ X"+ XM X" et

2dx?
3 3 1 " m mn
—25d (X' X" XM+ X"t ete))
etc.

Therefore if there may be put @ = dx, the complete differential of this sum may arise

S=A+B+C+---+X
expressed thus

dS = X" dx+ax((X"= X")+(X™= X")+(X""= X" ) +etc.)
— (X X X X et

—%dd.(X XXM XM etc.)

— L3 (X X X X et

etc.
374. We may put x =0 to be in place; there will be made
X'=A, X"=B etc.

and thus X'+ X"+ X™+etc. will be an infinite series, the general term of which is = X.
Then a series may be formed from these general terms

dX ddx  d3x _d*Xx
Ay ! ) ) etC'!
X ' 2dx?’ 6d3x ' 24d*x
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of which the sums of the series continued to infinity shall be [Note the different summation
sign S, even fancier in the original, that has not been reproduced here]

— axX _ ddx _ d3x _ .
Sx =2, S¥-», SHK_¢, SIX_9 ec;

and because on putting x =0 there is made S =0 also, and 2 will be the sum of the series
A+B+C+D+:---+Z

containing the terms w ; for Z is the term of the index @, either @ shall be a whole number
or a fraction. Whereby there will be had [from the last section]

T =wA+o((B-A)+(C-B)+(D-C)+etc.) - 0B - 0°¢ - 0°D—a'¢ —etc,

where the first series may be omitted only if the terms of the proposed series vanish.

375. Now we may write x in place of @ and 2 will be changed into S, thus so that there
shall be

1 2 3 4 ... X
S=A +B + C+D +---+ X,

and the same value of S now may be expressed by an infinite series in this way
S= Ax+x((B— A)+(C- B)+(D—C)+etc.)—&5’x—¢x2 —x3—ex? - Fx° —etc.

the value of which may be expressed equally distinctly, whether x shall be a whole number
or a fraction, the differentials of S of each order hence can be shown easily :

g_izA+(B_A)+(C—B)+(D—C)+etc.
B - 2¢x— 3Dx% - 4ex —etc.

ddS _ _¢_39x- 6Ex>—10Fx> —etc.

20x%

g;xsg = - D—4Ex—103x? — 206x° —etc.
d*s _ _g_ _ 2 _ 3_
it ¢ - 55X —158x“° — 356X~ —etc.

Whereby since the complete differential shall be
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=dS+1ddS+1d®s +-Ld*s +etc,
the complete differential of the proposed function S will be

dS = Adx +(B - A)dx+(C—B)dx+(D—-C)dx+etc.
—SBdx — C(Zxdx + dxz)—i)(3x2dx+3xdx2 + dx3)

—03(4x3dx +6x%dx2 + 4xdx3 + dx4) —etc.

376. Therefore in this manner the complete differential of each inexplicable function S can
be assigned, if the most infinite terms of the series

A+B+C+D+etc.

either may vanish or shall be equal to each other. For if indeed the most infinite terms were

not =0, then the sum of the series B, which may be formed from the general term ‘(’j—é

will become infinite, but truly since with the series
A+(B-A)+(C-B)+(D-C)+etc.

taken together, it may constitute a finite sum. But it can happen, so that the terms of the
series A+(B—A)+(C-B)+(D—-C)+etc thus may be increased to infinity, so that the

sums may become infinitely great not only of the series 95, but also of the series €, in
which case it is not sufficient to be adding the series A+(B—A)+(C—-B)+(D-C)+etc.

; but because in this case the most infinite values of 8370 considered, evidently

s, sl =+ are g longer in an arithmetic progression, as we may have assumed, an
account of this progression will be required to be considered. Therefore just as we may
assume the first differences of these terms to be equal, thus we may extend the method
further, if we may be considering either the second or the third or further differences of
these values finally as constants.

[Thus, the procedures are to be repeated for higher order terms at infinity, called most
infinite, before constant differences are found.]
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377. Therefore with the same reasoning retained, as we have used in 8369, we may put the
differences of the second values mentioned to be constants finally :

S‘OO‘, S‘oo+l‘, S‘oo+2‘

The first differences :
X ‘oo+l‘ ’ X ‘oo+2‘

The second differences :
X\oo+2\ B X\oo+3\

Hence there will be
2‘00‘ _ S‘oo-&—a)‘ wX ‘oo+1[ (f)z 1) ( X ‘oo+2‘ X oo+l)

S‘oo‘ io 3) X‘oo+1‘ w(w- 1 X‘oo+2‘

On account of which we will have this equation,

AN L LI 1
S5 X 4 X Xy X ( 3 x bl ( Y x F=+2|

from which there is elicited

=S+ X"+ X"+ X"+ X"+ etc. to infinity
- Z'-7"-7Z" —Z"" — etc. to infinity
X‘oo+1‘ (1a) 1)(Xoo+2 Xoo+1)

But these most infinite terms thus can be represented, so that there shall be

2=S+ X"+ X"+ X"+ X""+etc.
- Z2'-7"-7""-7""— etc
+ X"+ XM X" XM et
-X' = X" X" =X —etc}
+X™M+ XM 4+ X" +etc.
+w(f2_l)X"—w(fz_l)X'+w(f2_1) —2X"=2 X™M-2X""—etc
+X + X'+ X"+ X"™+etc.

+a)X'+a){
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from which the law may be apparent, by which this expression will be prepared, if the
differences of the third or fourth orders finally were constants.

378. Therefore since there shall be, as we have shown above,

2 343
Z:X+de+a)ddX+de+etCl'
dx  12dx®  1:2:3dx°

if in place of Z', Z", Z™ etc. hence we may substitute the values hence arising, the value of
S follows, if in place of x there may be written X+ @

2=S+oX'+oX'+w
X' X" X" - X"" —etc.

+XME X" £ X + etc.
+—4 X"— 12_ X'+w(f2_1) —2X"-2 X"-2X""—etc.
+X + X'+ X"+ X"™+etc.

- &d (+X' + X" XM+ XM +etc.)

+ X" XME XM XM+ etc.}

=25 A% (X X X X e
+6‘é’; d3.(+X' + X"+ X"+ X" tetc.)
etc.

If therefore in place of w there may be put dx, the complete differential will be produced of
the proposed inexplicable function proposed S, evidently
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+X"+ Xlll+ Xllll+ X"l"+etc,
_XI _ xll_ Xlll _ Xllll —etC,
+ XM XM 4+ XM + efc.

dZ=X'dx+dx{

—X" dx(fzdx) + X' dx(fzdx) - dx(fzdx) —2X"—2 X™M—2X " —etc.
+X + X'+ X"+ X™+etc.
o Ox(1-dx)(2—dx)
+X 123
+X mnn + X min + etC_
oy X(0(2-0x) | dx(1-dh)(2-dx) —3X™ —3X"™—etc
123 123 +3X" +3X™ +etc.
-X' —=X" —etc.
» dx(1-dx)(2—dx)
+X 1.2:3
etc.
d(x+xll+xlll+xllll Xlllll+etc)
—2dd. (X X XX X +etc.)
éd3(X + X" XM 4 XM XM +etc)
_2_14d4 ( Xll Xlll +X"" Xn|||+etc)

etc.,

which expression may appear the most general and, whatever differences should be
constant at last, the differential sought will be shown. For this formula for the constant
differences is the most convenient and likewise the law is apparent, if perhaps it shall be
necessary to progress further.

379. But if the series A+ B +C + D + etc., from which the inexplicable function may be
formed

1 2 3 4 ... X
S=A +B + C+D +---+ X,

were prepared thus, so that the most infinite terms of this may vanish
there will be
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dS =-d .(X XXM X +etc.)

—%dd.(X'+ X"+ XM 4 X" +etc.)

—%d?’.(X' + X"+ X"+ X™ +etc.)

—2—14d4.(X' + X"+ X"+ X +etc.)
etc.

But if the most infinite terms of that series may not become =0, but yet may have
vanishing differences, then to that above expression there must be added

+ X" XM X" X"+ ete.
dx< X'
—X'— X" XM XM —etc,

Certainly if the second differences of the most infinite terms of this series
A+ B+C + D +etc. may vanish at last, then it is required to add in addition

+ X"+ X"+ X"+ etc.
+X"

—2X"=2 X"-2X""— etc.
_X"

dx(dx-1)
12

+ X'+ X" + X™ + etc.

And if the differences finally of the third order mentioned were vanishing, then besides
these now shown the above expressions must be added

+ XM XM 4+ XMt ete.
+X"
—3X" =3X"™'-3X""—etc.
—2X"
+3X" +3X"™ +3X""+etc.
+X'
- X" =X" =X" -—etc.

dx(dx-1)(dx—2)
123

And thus again the above expressions will be prepared required to be added, if further
differences of most infinite terms of the series A+ B +C + D +etc.may vanish at last. And
hence thus, whatever series may be assumed, provided the most infinite terms may be
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produced finally to vanishing differences, from these it will be able to define the forms of
the inexplicable functions.

380. If there may be put x =0, there will become X'=A, X"=B, X" =C etc.
Whereby as A+ B +C + D + etc. is the series, the general term of which is X, if from the

general terms

dX ddX d3X d*X
vl , , etc.
dx 2dx? ' 6dx® ' 24dx*

in a similar manner an infinite series may be formed by the letters 2(,%5,¢, D etc.
respectively, the sum @ of the terms of the series

A+B+C+ D +etc.

may be expressed thus, so that there shall be likewise, @ shall be either a whole number or
otherwise. Therefore may write x for @, so that there shall be

1 2 3 4 - X
S=A +B + C+D +---+ X,

and if the most infinite terms of this series may vanish, there will be

S = —PBx—x% —Dx° —ex* —etc.

But if the most infinite terms perhaps may have constant first differences, then to that value
above this must be added

+B+C+D+E +etc.
X< A
—A- B—- C-D-—etc.

But if the second order of the most infinite terms may vanish at last, then besides there
must be added

+ C+ D+ E+ F+etc.
+B

—-2B-2C-2D - 2E —etc.
-A

+A +B + C+ D+etc.
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Finally if the third differences were vanishing, then in addition there must be added this
infinite series
+ D+ E + F+ G+etc.

+C
—-3C -3D -3E - 3F —etc.
x(x-1)(x-2) | —2B
123 +3B +3C + 3D + 3E +etc.
+ A
-A-B - C —D-etc.
etc.

381. We may apply this reasoning also to another kind of inexplicable functions, which are
agreed to produce some number of terms of the proposed series A+ B +C + D +etc., and
there shall be

123 4. x
S=A-B-C-D--X,

and in the first place there is sought the value X', into which S may be changed, if in place
of x there may be written X+ @ ; moreover we may put Z as before to be a term of the series
A+ B+C + D +etc., the index of which shall be = x+®, as X may correspond to the
index x. Therefore so that this case may be reduced to the preceding, we may take the
logarithms and there will be

IS=IA+IB+IC+ID+---+IX.

But if now the most infinite terms of this series may vanish, it will be the same method
which we have used before, on using

12 = IS+ IX"+IX"+IX"+etc.
—1Z2'— 12" - 12" —etc.

and hence by returning to numbers there will be

therefore which expression may prevail, if the most infinite terms of the series A, B, C, D
etc. may be equal to unity. But if the logarithms of the most infinite terms of this series do
not vanish, but yet there may be had vanishing differences, then to that series which we
have found for IS, in addition there must be added this series
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' X" X" X"
wlX +(0<IT+IT+IW+etC.)

and thus with numbers taken there will be had

_ . 0 X" x-l—w . xu-(uxul—w . X e Xml—w .
2=S5-X 7 7o o etc.

382. But if therefore we may put x =0, in which case there is made S =1 and

X'=A, X"=B, X" =Cetc., 2 will denote the product » of the terms of this series
A,B,C,D etc. Therefore if for @ we may write x, so that 2 may obtain the value, which
before we had attributed to S, thus so that there shall be

123 4. x
S=A-B-C-D--X,

because now Z', Z", Z™ etc. are changed into X', X", X" etc., if the logarithms of the
most infinite terms of this series A, B, C, D, E etc. may vanish, S may be expressed in
this manner

But if the difference of the logarithms of the most infinite terms of the series
A, B,C,D etc. may vanish at last, then this function S may be expressed in the following
manner, so that there shall be

_ X . BxAl—x . CxBl—x . Dxcl—x . ExDl—x . )
S=A"-E5 G X o €tc.;

if the second differences of these logarithms shall vanish at last, from the preceding it may
be deduced easily in addition factors of this kind must be added; which case we have
ignored here, since usually it may hardly ever occur . Moreover | will show the use of these
expressions in the business of interpolation in the following chapter.

383. Therefore here since the differentiation of inexplicable functions of this kind shall be
proposed chiefly, we may investigate the differential of this function

S=A-B-C-D---X.
Accordingly we may resume the equation found before

12 = IS+IX'+IX"+IX"+etc.
—Z'— 12" - 12" —etc.
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and since 1Z may arise from IX, if there is put x + @ in place of x, there will be

— ROR a)2 a)s 3
1Z=1X +&dIX+ P dd .IX + P d~.IX +etc.

with which values substituted for 1Z*, 12", 12" etc. there will be had

15 =15 —2.d.(IX "+ X"+ 1X "+ IX """+ etc.)

—-0® dd.(IX "+ IX "+ IX "+ IX " +etc.)

2dx?2
3 3 1 " m mn
-25d (IXT+IX" X ™M+ IX ™ +etc.)
etc.

Now there may be put @ = dx and there will become 12 =1S +d.IS and thus there will be

95 — g (IX "+ IX " IX "4 IX ™+ etc.)
—Ldd.(IX " IX " IX T IX T ete)

—%d3.(lx X IX M IX T+ ete))
etc.,
which formula prevails, if the logarithms of the most infinite terms of the series

A, B, C, D etc. may vanish ; but if these may not vanish, vanishing differences may yet be
had, then in addition this series must be added to the preceding complete differential

dxIX '+ dx (155 + 15 + 1 55+ ete),
so that the complete differential may be obtained.
384. Also at this point another way can be seen to be better. There may be put x=0, in

which case IS will change into 0. Then the series may be formed, the general terms of
which shall be

3
X 4IX  ddiX  ddIX .
Todx T 2dx® T 6dx® !

and the sums of the infinite series of these shall be respectively 2,%5,,% etc. There may
be written x for @, so that there shall be X' =S, and there will be

IS = —Bx — x? — Dx° — ex* —etc. ,



EULER'S
INSTITUTIONUM CALCULI DIFFERENTIALIS PART 2
Chapter 16

Translated and annotated by lan Bruce.
1128

if indeed the logarithms of the most infinite terms of the series A, B, C, D etc. may vanish,
the general term of which is X ; but if the differences of these logarithm may vanish at last,
there will be

1S =xIA+x(I1B+1S+12+1E+etc)
—Bx—Ex? - Dx° — &x* —etc.
And so hence the differential of IS will be
ds _ B,|C.,|D.,|E
S = dlA+dx(1B+1G+12+1E+etc)
—Bdx — 2€xdx — 3Dx2dx — 4¢x3dx — etc.
But if the complete differential may be required, there will be this
ds _ B,|C . .|D,|E
B —dlA+dx(1B+1S+12+1E +etc)

—Bdx — ¢<2xdx + dx2) — @(3xxdx +3xdx? + dx3) —etc.

Towards showing the use of which formulas we may add the following examples, which
we will resolve in each way.

EXAMPLE 1
To find the [complete] differential of this inexplicable function

Here before everything it is to be noted the most infinite terms of these factors change
into unity and thus the logarithms of these vanish. Therefore since there shall be X = %

there will be

' 2x+1 no__ 2%x+3 m 2Xx+5
X 2x+2" X T 2x+4 X 2X+ etc.

»

and generally

I _ 2x42n-1.
X = 2x+2n

from which there will be
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Ix Il = I(2x+2n-1)-1(2x+2n)

T 2x4+2n-1  2x+2n

d.|X‘n‘ _ _ 2dx 2dx

ddIx " =—_40¢ ., _40¢
(2x+2n-1)*  (2x+2n)’

d3ax N = 4 _224d¢ _ 224dx°
(2x+2n-1)*  (2x+2n)’

d4ixIn = 4 2246d¢' _ 2246dx"
(2x+2n-1)*  (2x+2n)*

etc.

from which the complete differential will be

1 1 1
ds 2 { 2x+1 + 2X+3 +2x+5 +etc'}
5 = elX 1

1 _ __1 _
2X+2 2x+4 2X+6 etc.

(2x1+1)2 " (2xi3)2 ¥ (2xi5)2 +ete.
+8dx°
o ete
(2x+2)*  (2x+4)  (2x+6)
Lo+—Ll+—1L tetc
_agy? (2x+1)"  (2x+3)"  (2x+5)
2 -——1 1 1l et
(2x+2)"  (2x+4)"  (2x+6)

But if only the first differential may be sought, that will be

ds _ 1 1 1
S = ‘de'((zx+1)(zx+z) T sz T 2z O

thus the same may be investigated treated by the other method of § 394. Since there shall
be

— | 2x-1
IX =121,
there will be
dIX —_2 1 ddIX ___ 2 1
X 2x=1 x'  2dx? (2x—|)2 2xx !
d®Ix ___ 8 1 c

6dx® 3(2x—1)3 Y
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and thus there will come about
11,183,157
A=15+15+12+15+ etc
2.2,2,2.2
% - { T+§+§+7+§+etc}_2|2
—2_2_2_2_ 2 _
24 6 8 10 °t

1.1, 1,1
[+t T osTete

@)
Il
w]oo

1 1 1 1
T A e g ol
etc.

or there will be

—42(1-1,1 1 . 1_
%_+1(1 s+t3 —7 T3 etc)
—_41q-1,1_1_,.1_
¢= 2(1 ate gt etc.
—+8(1-L+ 421 1.1
©_+3(1 St Etw etc.

+4xdx (1—?+3%—4%+%—et)
—8x? dx(l—%+3—13—4—13+%—etc)

N
S
w
S
S
£
(8]
~

If therefore there shall be x =0, in which case there becomes IS =0and S =1, there will
be dS =-2dxl2.
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EXAMPLE 2
To find the [complete] differential of this inexplicable function
$=1.2-3-4-.-x.

The terms of this series 1, 2, 3, 4 etc. thus increase to infinity, so that the difference of
the logarithms may vanish ; indeed there is

|(oo+l)—|oo:|(l+%):l=0.

0

Therefore since there shall be X = x, there will be
X'=x+1, X"=x+2, X" =x+3 etc.;

but again on account of IX = Ix there becomes

dIX =8 ddIX = - g3 x =20 g4 |x =28 g -
X x2 X3 x*

from which if the final logarithms vanish, there becomes

as _ 1 21 41 1
s~ dx(x+1 t3z T3 txag +etc.)
2
+) 141 o4 14 1 et
2 (x+1) (x+2)"  (x+3)"  (x+4)
3
—od) 141 o4 1 4 1 et
3 (x+1) (x+2)"  (x+3)"  (x+4)

etc.

But since the differences of the logarithms finally may vanish, in addition this expression
must be added

X+2 x+3 X+4 X+5
ol (X 1)+ dx (1252 4 | X234 | X244 | 258 e ),

Because truly there is

[x«2_- 1 __ 1 4 1 1 _4etc,
x*+oxtl s p(xa1)? 0 3(x4)t 4(x)t
]x3_-_1 1 . 1 1 _4oetc
X+2 X2 p(x42)°  3(x+2)°  4(x+2)
etc.

the true complete differential will be
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L_+_1 _tetc.
x+1 x+2 (x+3) (x+4)

_1 3 1 1
3 dX N )( x+1)* x+2 (x+3)3+(x+4)3 +ete.

|
)
1+ 1 4+etc.j
|

x+1 x+2 (x+3) (x+4)

1 1 1
+ + + + etc.
(x+1)°  (x+2)°  (x+3)°  (x+4)’

But if we may wish to express this differential in the other way, because there is

ax 20x?  2x2 ' edx®  3x° ' 24dxt X4

3 4
IX =lx, 4X_1 ddix 1 X 1 dUX 1 e

we will have the following series

A= 11+12+13+14+15+etcC.

B = 1(1+l+% +4 +l+etc.)

—_1
(’:_—E(l+ + +42+52+etc)

©—+%(1+ +¥ + L+l = +etc)
__1
__Z(l +5 +etc)

etc.

Hence on account of IA=11=0, there becomes from §384

x(l%+|%+l%+l%+etc)
x( 1+ 1+ 1+ %-i-etC)
#3014 kg pee)
%x3(1 2—13+3—13+ 4—13+etc
{1+ g foet)
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But the two first series, by which x has been multiplied, even if each may have an infinite
sum, yet both together have a finite sum. For even if n terms of each may be taken, there
will be produced

But we have found above (8142a)

141, 1, .41 1A B
I+5+35+5++=Const.+In+- o7 g —€le,

and this gives the constant = 0,5772156649015325. But if therefore there may be put
n = oo, there will be

1+5+2+2+-+L1=Const.+lwo,
o0

from which the value of both of those series continued to infinity will be

=1(o0+1)—Const.— loo=— Const.

From which there will be
IS =-x-0,5772156649015325

1y2 11,1
+5X (1+22+32+42+etc.)

_1y3 1,141
3 X (1+23+33+43+etc.)

144 4 ,1.1
+7X (1+24+34+44+etc.)
etc.

from which the differentials of each order will be found easily. Indeed there shall be

d?s =—0dx-0,5772156649015325

1,1, 1, 1
+Xdx (1 togtt ot 5—2+etc.)

—xzdx(l + 2—13+3—13+ 4—13+ 5%+etc.)

+x3dx (1 + 14l 1y %+etc.)
273 4T s

etc.

But if these series may be gathered into one, there will be
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ds _ d d d d
= —dx-0,5772156649015325 + 1(’i+>;) + 2(’;+XX) + 3(>§+XX) + 4(’Z+XX) + etc.

Whereby if there shall be x =0, there becomes

% = —dx-0,5772156649015325.
From the first expression in this case truly there will be

oS :—ldx( 1+i+3i2+4—12+etc.)

1 1.1, 1
+3dx 1+23+33+43+etc.)

1 1 1 1
—de ( l+2—4+?+F+ etC.)

1 1,11
+5dx 1+25+35+45+etc.)

etc.

385. Hence also therefore the differentials of inexplicable functions of this kind in any
specific case are able to be shown, because therefore here we have elicited the complete
differentials. On account of which if such functions may arise in expressions, which may be
seen to be indeterminate, of such a kind as we have treated in the preceding chapter, we
will be able to determine the values by the same method, as may be understood from the
adjoining examples.

EXAMPLE 1
To determine the value of this expression from that case, when there is putx =1

14141441
Lt g+g+g++y 1

x(x-1)  (x1)(2x-1)

We may put
1,1,1 1_g-
I+5+5+ 4+ +5=S;
from § 371 there will be

S= X( 1+%+%+%+etc.)
223y

—x2(1+%+%+%+etc.)
2P
+x3(1+%+%+%+etc.)
2 "3
etc.
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or since there shall be also

if any of the upper terms may be combined with the preceding lower, there will be
produced

- x=1 x=1 x—=1
s=l+ 2(1+x) * 3(2+x) * 4(3+x) +etc.,

which expression, because there must be put in place x =1, is more convenient. Therefore
let x =1+ w and there becomes

S=1+o0t0) t 33re) T aare) TEC

or

S :1+w(i+3—12+4—12+5%+etc.):1+%a)

22
21,1 ,1 .1 2
— (¥+?+4—3+5—3+et0.) —Q:Cl)

3(L,1 .1 1 3
+o (7+3—4+F+5—4+etc.) +Dw

etc. etc.

Therefore the whole expression on putting x =1+ » will change into this

L Bo-Co’+Do’—etc. 1
a)(1+a)) a)(l+2a))

or

0+Bo+2B 0’ ~Cw’—etc. _ 1+B+2B o-Cw—etc.
a)(1+w)(1+2w) (1+w)(1+2w)

Now there may be put @ =0 and the value of the proposed expression in the case x =1
will be

:1+%:1+2—12+3i2+4—12+etc.;
which series since it shall be = %7[2, it follows that the value of the series sought shall be

1.2
=57,
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EXAMPLE 2
To find the value of this expression

2xexx o gmx (2% D) (B+5+5+i++1)
(X—]_)2 6( X—l) X( X_l)Z

in the case, in which there is put x =1.

There may be put 1+3 + 3+ % +---++=S and there may be considered x =1+ w; there

becomes, as we have found in the previous example,

S=1+Bw-Cu’+Dw’ —etc.
with arising

=14,1.,1 .1 =1 r_
%_22+32+42+52+etc. s —1

_1.,1.,1_ .1

¢C= ?+§+4—3+5—3+etc.

_1.1_.1_1

33_2—4+3—4+4—4+5—4+etc.
etc.

Therefore on putting x =1+ @ the proposed expression may adopt this form

oo, (1+B)(1+0) (1+20)(1+Bo-Co’+D v’ etc)

oo ® (l+o)o?

which reduced to the same denominator 2(1+ ) will become

ltw-0’ -0’ +o+20*+o° +B a)(l+2a)+a)a))—1—%a)+€a)2—© @ —20-2B0*+2C v —etc.
o’ (I+o)

which is reduced to this form

*+C D’ +B 0 +2C°-D °+ etc.
o’ (l+o) '

Now there is made @ =0 and there will be produced 1+ ¢ . On account of which the value
of the proposed expression in the case x =1 will be =1+ ¢ and thus may be expressed by
the same series

1+Lt+Ll+ L+ Letc.;
2P 845
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the sum of which value sought, since it will be shown neither by logarithms nor by the
periphery of the circle, cannot be assigned even now by any finite way. Therefore the use
from these two examples can be seen clearly enough, which the differentiation of
inexplicable functions can have in the doctrine of series.

386. In the method treated here requiring inexplicable functions to be differentiated, we
have assumed the most infinite terms of the series of the series A,B,C,D,E etc. to be

either =0 or to have vanishing differences only; of which if neither may be appropriate,
this method will not be allowed to be used. On this account | will explain another method
not restricted to this condition, as the general summation of series from the general term
demands and a further explanation is provided above [Chap.V]. Therefore the letters
2A,8,¢,D, ¢ etc. may denote the Bernoulli numbers shown in §122, and let this

inexplicable function be proposed

1 2 3 4 - X
S=A +B + C+D +---+ X,

and because above (in Chapter V of Part 11, §130) we have shown to be

3 5
S:J.de+lX+de— BdX | __C’X ___efc,,
2 12dx  12:34dx®  12:34560dx°

hence the differential of this function S is shown easily; for there will be

4 6
dS = Xdx+3dX +2ddX _ _Bd X, &d'X___ ptc,
2 12dx  1.2.34dx®  1.2:3456dx°

387. But if the proposed progression be joined together with a geometrical progression, in
which case the most infinite terms of this nowhere may be reduced to constant differences

and therefore there is no place for the method first found, then the method offered in 8174
may bring about a remedy. For if this function be proposed

S=Ap+Bp?+Cp3+Dp*+---+ Xp*,

the values of the letters «, S, y, & etc. may be sought, so that there shall be

pp_l =1+ qu+ Bu? + yud + su* + eu® +etc.,

_eu -

with which found, as we have shown these in §173, there will be

=P . pX _adX |, BddX  yd®X | sdix n
S=oa P X St e T gl T e 6tc:| = Constant,
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which sum may be returned =0, if there may be put x=0, or which may be satisfactory
for some other case. Therefore with the differential taken this constant will depart from the
calculation and there will be

__P X _adx , AddX _ yd®X | s5d°X
dsS = 51 P dxlp( ix T e o g — etc.

+IO p (dx addx +ﬂ§ 2X 73X3><+etc.)

or
x+1
dS=%(delp (alp-1)dX +(Blp— )99~ (ylp- ﬂ)dx+etc)

which is the differential sought of the proposed function S.

388. But if the proposed inexplicable function may depend on factors and the most infinite
logarithms of these may have constant or less differences, then also by this method it will
be able to show always the differential of the function.
For let there be
1 23 4.--X
S=A-B-C-D---X.
Because hence there shall be

IS=IA+IB+IC+ID+---+IX,

from the above method on calling on the Bernoulli numbers to help there will be

1 2Ad.IX Bd3.1X
15 = [axIX + 11X + 244 BEIK gt

from which expression the differential shall be

ds _ 1 Add.IX _ Bd*IX edbIx  DdilIX
g = IXIX +5dIX + <50 — 15 500x + T234560x ~ 123456780 T €LC

Hence if there were X =X, so that there shall be S=1-2-3-4..-x, there becomes with the
application made

as _ dx _ 2Adx , Bdx _ Cdx , Ddx
S dxlx+2x 20 T ot ext T —etc

which form, if x shall be a very large number, may be used more conveniently than those,
which we have found before.
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CAPUT XVI

DE DIFFERENTIATIONE
FUNCTIONUM INEXPLICABILIUM

367. Functiones inexplicabiles hic voco, quae neque expressionibus determinatis neque per
aequationum radices explicari possunt, ita ut non solum non sint algebraicae, sed etiam
plerumque incertum sit, ad quod genus transcendentium pertineant. Huiusmodi functio
inexplicabilis est

1,14...41
I+5+5++5,

quae utique ab x pendet, at, nisi x sit numerus integer, nullo modo explicari potest. Simili
modo haec expressio

erit functio inexplicabilis ipsius x, quoniam, si x sit numerus quicunque, eius valor non
solum non algebraice, sed ne quidem per ullum certum quantitatum transcendentium genus
exprimi potest. Generatim ergo talium functionum inexplicabilium notio ex seriebus
derivari potest. Sit enim proposita series quaecunque

1 2 3 4 ... X
A+B +C+D+--+X,

cuius summa, si formula finita exprimi nequeat, praebebit functionem inexplicabilem
ipsius x, nempe

S=A+B+C+D+---+X.
Similiter continua producta ex terminis serierum uti
P-A-B-C-D---X

exhibebunt functiones inexplicabiles ipsius x, quae autem ope logarithmorum
ad formam priorem revocari possunt; erit enim

IP=IA+IB+IC+ID+.---+1IX.
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368. Hoc igitur capite methodum explicare constitui huiusmodi functionum inexplicabilium
differentialia investigandi. Quod argumentum, quamvis ad primam huius operis partem, ubi
praecepta calculi differentialis sunt tradita, pertinere videatur, tamen, quoniam uberiorem
doctrinae serierum cognitionem postulat, ad quam in hac altera parte pervenire licuit,
ordinem naturalem relinquere coacti hoc loco attingamus. Cum autem haec investigatio
prorsus sit nova neque a quoquam adhuc tractata, tantum abest, ut hanc calculi
differentialis partem absolvere queamus, ut potius prima tantum eius elementa
adumbrare conemur. Praeterea vero nonnullas quaestiones proponam, quarum enodatio
differentiationem huiusmodi functionum inexplicabilium requirat, quo simul usus huius
tractationis, qui autem in posterum sine dubio multo amplior erit, clarius perspiciatur.

369. Ad huiusmodi functiones inexplicabiles differentiandas ante omnia necesse est, ut
earum valores investigemus, quos induunt, si pro x ponatur x + @ . Sit igitur

1 2 3 4 .- X
S=A +B + C+D +--+ X,

atque ponatur X' valor ipsius S, quem recipit, si pro x ponatur X + @, sitque Z terminus
seriei respondens indici X+ . lam igitur termini, qui respondent
indicibus x +1, x + 2, x + 3 etc., indicentur per X', X", X" etc. atque is, qui convenit indici
infinito x + oo, per x| Similique modo termini competentes indicibus

X+w+1l, X+w+2, X+w+3 etc.indicentur per Z', Z", Z" etc. et sit Z“’O‘ terminus
respondens indici X + @ + 0. Quibus positis erit

' =S8+X"

S" =S+ X'+ X"

S"=8+ X'+ X"+ X™
etc.

sl =54 X X Xt X

Simili modo cum etiam X' successive terminis Z', Z" etc. augeatur, erit
' =2+7Z
2t =X+ Z'+ Z"

2"' — 2+ Zl+ le+ ZIII
etc.

sH sy zvzme oy 2P
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370. Nunc natura seriei S, S', S", S™ etc. est perpendenda, qualis futura sit, si in infinitum
continuetur; quae si in infinito cum progressione arithmetica confundatur, quod fit, si
termini seriei X, X", X", X" etc. in infinito ad aequalitatem convergant, ita ut differentiae

S‘OO+2‘

seriei S, S',S" etc. tandem fiant aequales, hoc casu quantitates S‘w‘, S‘C‘””, etc.

erunt in arithmetica progressione, et cum sit sl gl=rel o

erit
- o8 4 (1- )5

Atest S = s 4 x4 unde fit
sl _glel e
ex quo obtinebitur haec aequatio
S+Z42"+ 2"+ 2" = S X X Xt X ox

ex qua definitur valor quaesitus 2, quem induit functio S, dumin ea x+ @ loco x
substituitur, eritque

= S+aX ™ X+ X" X +etc. in infinitum
—-Z7'-7Z"—-27Z" —etc. ininfinitum.

Quiare si seriei A, B, C, D etc. termini infinitesimi evanescant, terminus a)X‘“’”‘
evanescit et omitti potest.

371. Exprimitur ergo valor ipsius X per novam seriem infinitam, quae exhiberi potest, si
seriei A+ B+ C +etc. habeatur terminus generalis, ex quo valores terminorum Z', Z", Z",
etc. definiri queant. Posito ergo @ infinite parvo, cumsit 2 —S differentiale functionis S,
hoc differentiale dS per seriem infinitam exprimetur. Atque si nequidem altiores potestates
ipsius @ negligantur, habebitur differentiale completum functionis huius inexplicabilis

S; cuius natura quo clarius ob oculos ponatur, sequentibus exemplis hoc negotium
illustrabimus.
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EXEMPLUM 1

Invenire differentiale huius functionis inexplicabilis
=1+1,1,...,1
S=1l+5+5+ 4.

Quoniam huius seriei terminus generalis X est =%ac propterea

1 1
X'= X+1 Z'= X+1+w
n 1 "o 1
X"= X+2 2" = X+2+@
m L m 1
X" = X+3 " = X+3+@
etc etc.,

ob
X ‘oo+l‘ __ 1 _ 0,

X+oo+1

si loco x ponatur x+ @, functio S abibit in 2, ut sit

=S+ +1 + 1. tetc

X+1 X+2 X+3
1 1 1
X+l+o  X+2+o  X+3+o etc.,
sive binis his terminis in singulos colligendis erit
— [0) 1) [0
2 =S+ itatie) T aa)nzie) T (s xeara) t e
seu cum sit
1 _ 1 1) »? o®
= - + - + etc.
Xtlto x4l (1) (x+1) (x+1)"
1 _ 1 [0) »® o°
—— = + - + etc.
Xt2to  X+2  (x42)°  (x+2)"  (x+2)*
etc.

erit seriebus secundum potestates ipsius @ dispositis
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2:S+a{ 141 4+ 1 4 12+etc.]
(x+1) (x+2) (x+3) (x+4)
_ 2 1 1 1 1
@ ((x+1)3 T2 Ty | (xea) +etc')
3( 1 1 1
T ((xﬂ)4 * (x+2)4 * (x+3)4 * (x+4)4 * etc'j

—a)4( L +1 41 41 5+etc.j
(x+1)"  (x+2)"  (x+3)"  (x+4)

etc.
Posito ergo dx pro @ obtinebimus functionis propositae S differentiale completum

ds = dx( 141,14 12+etc.j
(x+1) (x+2) (x+3)"  (x+4)

1+ 1 _tetc.
x+2 (x+3) (x+4)
+2

( x+1
3 1 1

+ax ( x+1)* (x+2 (x+3) +(x+4)4 +etC'j
( x+1

—dx* 14 +etc.
(x (x+3)5 (x+ )
etc.
EXEMPLUM 2
Invenire differentiale huius functionis inexplicabilis ipsius x
1.1, 1
577 2x-1°
Quia huius seriei terminus generalis est X = 2 — , erit
1 ' 1
X'= 2x+1 Z'= 2x+1+2w
no__ 1 no__ 1
X" = 2x+3 2" = 2X+3+2m
mo_ 1 mo_ 1
X" = 2x+5 " = 2X+5+2m
etc. etc.,

Ob terminos huius seriei infinitesimos evanescentes et aequales prodibit valor
ipsius S, si loco x ponatur x + w,
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_ 1 1 1
2=5+ 53 v w2 T zas TEC
1___ 1 -1 _etc.

T 2x+12w  2Xx+3120  X+5 2w
seu

2=S+ (2X+1)(2X+1+2a)) (2X+3)(2X+3+2a)) + etC.,

Verum si singuli termini in series secundum dimensiones ipsius o resolvantur,
erit

J= S+2a)( - +—1 2+etc.]
2x+l 2x+3 (2x+5)

2 s+ —L - +etc.
2x+l 2x+3 (2x+5)

1 1 1
8w ((2x+1) " (2x+3)* " (2x+5)* +etC'J
4

11 4 1)5+etc.j

(2x41)°  (2x+3)°  (2x45
etc.

Ponatur nunc dx pro @ atque prodibit differentiale completum functionis inexplicabilis
S propositae

— 1 1 1
ds = de( 2x+1)? z (2x+3)° * (2x+5)° +etC']

— 4dx?

T+ —L+etc.
2x+1 2x+3 (2x+5)°

+8dx° -+ etc.

(2x+1 2x+3 2x+5 j

—16dx* -+ etc.
2x+l 2x+3 2x+5
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EXEMPLUM 3
Invenire differentiale completum functionis huius inexplicabilis ipsius X
S :l+2in+3in+4in+...+X_1n

Cum huius seriei terminus generalis sit =

1

o erunt termini infinitesimi evanescentes et
inter se aequales. Hincque ob
X'—_1 VL 1
(x+1)" (x+2+@)"
X n — 1 n — 1
(x+2)" (x+2+@)"
X (L1} — 1 m 1
(x+3)" (x+3+w)"
etc. etc.,
erit
X'—7' = Mo _ n(n+l)e’  n(n+1)(n+2)e’ otc
)™ 2()™ T B(xe)™ '
X"_Zn e _ n(n+l)o’*  n(n+l)(n+2)e’ _ete
s (2™ 2(x+2)™ T e(x+2)™ '
etc.
ex quibus invenitur
Y-S=n 1 4+ 1 4 1 et
w((xﬂ)nﬂ (X+2)n+1 (X+3)n+1
n(n+l) 2 1 1 1
— 0] + + + etc.
12 ((X+l)n+2 (X+2)n+2 (X+3)n+2
n(n+1)(n+2) 3 1 1 1
+ w + + + etc.
1.2.3 ((X+l)n+3 (X+2)n+3 (X+3)n+3

etc.

Quare posito @ = dx prodibit differentiale completum functionis S quaesitum
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dS = ndx| —1 L L +etc.
((x-rl)r”l X " x+3)" i

_dez(( 1+ 1 __4 1n+2+etc.]

12 (x+2)"%  (x43)

n(n+1)(n+2) d 3 1 1 1
——55 00X etc.
+ 1.2-3 (X+l)n+3 + (X+2)n+3 + (X+3)n+3 +

etc.

372. Ex his quoque summae istarum serierum interpolari seu valores terminorum
summatoriorum exhiberi possunt, quando numerus terminorum non est numerus integer. Si
enim ponatur x =0, erit quoque S =0atque 2 exprimet summam terminorum, quot
numerus @ continet unitates, etiamsi iste numerus w non sit integer. Ita in exemplo primo
si ponatur

=1+1414...41
Z=l+5+5+ 42,

erit

2 = + etc.

o) T 202r0) T AE0) T A(dra)

sive

> = a)(l+ + sla+116 i+etc.)

-o (1+ +2 4 L +etc)
F 45

34 44
etc.

+w (1+ +1 41 +5 +etc)

In exemplo vero tertio erit
r=1+41 +31n +41n+ + L

Valorque ipsius X', sive @ sit numerus integer sive fractus, per series sequenti modo
exprimetur

1
+ 3n+1 +

I= na)( +etc)

2n+1 4n+1

B (n+1)
12
(n+1)(n+2)
123

(1+ 1 4.1 +etc)

2n+2 3n+2 4n+2

1
+ 3n+3 +

(1+ + etc)

2n+3 4n+3

etc.
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373. Haec eadem quoque ad seriem generalem accommodari possunt; cum enim sit

1 2 3 4 ... X
S=A +B + C+D +---+ X,

atque posito x+@ loco x abeat X inZetSin X', erit

2 343
Z:X+de+a)ddX+de+etCl’
dx = 12dx®  12:3dx®

et quia simili modo Z', Z", Z™ etc. per X', X", X" etc. exprimuntur, erit

F=S+oxX o d (X X"+ X"+ X ete)
O dd.( X+ X"+ X" X ete) - — 2 d 3 (X X X X et

1.2d¢° 1:2:30x°
etc.,
et nisi X‘°°+" sit =0, hoc modo exprimi poterit, ut consideratio infiniti tollatur,

X‘“’*" = X'+(X"— X‘)+(X'"— X")+(X""— X™)+etc.
eritque ergo

T=S+aX +o(X =X )+(X"=X")+(X"™=X")+etc.)
— . (X' X" X X" ete)

2 L} n m mnn
-2 dd.(X'+ X"+ X"+ X" +etc.)

3 3 1) " m mn
=2 5d” (X X" X" X tete.)

etc.
Si ergo ponatur o = dx, orietur differentiale completum ipsius

S=A+B+C+---+X
ita expressum
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dS = X" dx+dx((X"= X")+(X ™= X")+(X""= X") +etc.)
—d (X" X" X" X ete)

—%dd.(X 4+ XXM XM+ etc.)

—%ds.(X XXM XM+ etc.)
etc.

374. Ponamus esse x = 0; fiet

X'=A, X"=B etc.
ideoque X'+ X"+ X™+etc. erit series infinita, cuius terminus generalis est = X.
Formentur deinde series ex his terminis generalibus

dX ddx d®x _d*X
’ ’ l etC,
dx * 2dx?’ 6d3x’ 24d“x

guarum serierum in infinitum continuatarum summae sint

SX=2, S¥=p, SI_g, SIX_9 e.;
et quia posito x =0 fit quoque S =0, et 2 erit summa seriei

A+B+C+D+---+Z

continentis  terminos; est enim Z terminus indicis w, Sive @ Sit numerus integer sive
fractus. Quare habebitur

I =wA+o((B-A)+(C-B)+(D-C)+etc.) - 0B - 0°¢ - 0°D - '¢ —etc,

ubi prima series praetermitti potest, si seriei propositae termini tandem evanescant.
375. Scribamus nunc x loco @ abibitque 2 in S, ita ut sit

1 2 3 4 - X
S=A +B + C+D +--+ X,

atque idem ipsius S valor iam per seriem infinitam exprimetur hoc modo

S :Ax+x((B—A)+(C—B)+(D—C)+etc.)—‘Bx—¢x2—©x3—€x4—3x5—etc.;
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cuius valor cum aeque distincte exprimatur, sive x sit numerus integer sive fractus,
differentialia ipsius S cuiusque ordinis hinc facile exhiberi possunt:

g_izA+(B_A)+(C—B)+(D—C)+etc.
—B-2¢x— 3Dx%— 4¢x° —etc.

U85 —_¢-30x- 66x° ~105x —etc.

45 = — D - 4ex—105x* - 206x° —etc.
d'S__ ¢ —5Fx—156X° — 35HX° — etc.

24dx*
Quare cum differentiale completum sit
=dS+1ddS+1d3 +-Ld*s +etc,
erit functionis propositae S differentiale completum
dS = Adx +(B - A)dx+(C—B)dx+(D—-C)dx +etc.
—Bdx — @(Zxdx + dxz) - @(3x2dx +3xdx? + dx3)

—@(4x3dx +6x2dx2 + 4xdx® + dx4) —etc.

376. Hoc ergo modo functionis cuiusque inexplicabilis S differentiale assignari potest, si
seriei

A+B+C+D+etc.

termini infinitesimi vel evanescant vel inter se sint aequales. Quodsi enim huius seriei
termini infinitesimi non fuerint =0, tum summa seriei B, quae ex termino generali ‘(’j—>§

formatur, fiet infinita, at vero cum serie
A+(B-A)+(C-B)+(D-C)+etc.

coniuncta summam finitam constituet. At fieri potest, ut termini seriei
A+(B—-A)+(C-B)+(D-C)+etc ita in infinitum augeantur, ut non solum seriei B,
sed etiam seriei € summa fiat infinite magna, quo casu non sufficit seriem
A+(B-A)+(C—-B)+(D-C)+etc. adiecisse; sed quoniam hoc casu valores infinitesimi
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8§ 370 considerati, nempe S“’O‘, S‘°°+1‘, S‘“”z‘ , hon amplius in arithmetica sunt progressione,

uti assumseramus, huius progressionis ratio erit habenda. Quemadmodum ergo assumsimus
horum terminorum differentias primas esse aequales, ita methodum amplius extendemus, si
horum valorum differentias demum secundas vel tertias vel ulteriores constantes statuamus.

377. Retento ergo eodem ratiocinio, quo 8 369 sumus usi, ponamus memoratorum valorum
differentias demum secundas esse constantes

S‘OO‘, S‘oo+l‘, S‘oo+2‘

Differentiae primae
X |oo+1] X |oo+2)

Differentiae secundae
x‘oo+2‘ _ X\oo+3\

Hinc erit
2‘00‘ _ S‘oo-&—a)‘ +a)x‘oo+1‘ +@(X ‘oo+2‘ Y oo+1)

S‘oo‘ (](-0 3) X‘oo+l‘ ({0 1) X‘oo+2‘

Quamobrem habebimus hanc aequationem,

S4Z24Z2" 2"t 2
S X+ X Xt X203y el oo ) yfer?

ex qua elicitur
=S+ X"+ X"+ X"+ X"+ etc. in infinitum

- Z2'-7Z"-7Z" —Z7"" — etc. in infinitum
+ wx‘oo{u (;u 1)(Xoo+2 Xoo+l)

Termini autem isti infinitesimi ita repraesentari poterunt, ut sit
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2=S+ X"+ X"+ X"+ X""+etc.

- Z2'-Z"-7Z"-7""— etc.

+ X" XM X"+ X"+ ete.
=X = XM= X" =X —etc}
+ XM XM 4 X + etc.
—2X"-=2 X™M-2X""—etc.
+X + X'+ X"+ X" +etc.

+a)X'+a){

o(o-1) v u o(o-1) ., olo-1)
17 X~ X't

unde simul lex patet, qua haec expressio erit comparata, si differentiae demum tertiae vel
quartae vel ulteriores fuerint constantes.

378. Cum igitur sit, ut supra demonstravimus,

2 343
Z=X+“’dx+‘”ddx+‘”dx+etc.,
dx = 12dx*  1.2:3dx°

siloco Z', Z", Z™ etc. valores hinc oriundos substituamus, erit valor ipsius S, si loco x
scribatur x + @, sequens:

X" XM XM X + etc.
2=S+oX'+oX'+w

—X' = X" X" - X"" —etc
+X™M+ XM 4+ X" +etc.
+w(fz_l)X"—w(fz_l)X'+w(fz_1) —2X"-=2 X™M-2X""—etc.
+X + X'+ X"+ X"+etc.

- 2. (+XI + X"+ XM+ X" +etc.)

dx

2 2 1 mn m mn
=207 (+ X"+ X"+ X+ XM et

3 3 L} n m mnn
+85d (X X" X™ 4+ X ™ +ete.)

etc.

Si ergo loco @ ponatur dx, prodibit differentiale completum functionis inexplicabilis
propositae S, scilicet
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+X"+ Xlll+ Xllll+ X""'+etc,
_Xl _ Xll_ Xlll _ Xllll —etC,
+ XM XM+ XM + efc.

dZ=X'dx+dx{

—X" dx(fzdx) + X' dx(fzdx) - dx(fzdx) —2X"—2 X™M—2X "~ etc,
+X + X'+ X"+ X™+etc.
o Ox(1-dx)(2—dx)
+X 123
+X mnn + X min + etC.
oy OK(1-0X)(2-0x) - dx(1-de)(2-dK) —3X™ =3X""—etc.
123 123 +3X" +3X™ +etc.
-X' —=X" —etc.
» dx(1-dx)(2—dx)
+X 123
etc.
d(x+xll+xlll+xllll X|||||+etc)
—%dd(X+X EXM XM X +etc.)
éds(X + X"+ XM XM XM +etc)
_2_14.d4( l+XII+X|II+X|III+xlllll+etc)

etc.,

quae expressio latissime patet et, quotaecunque demum differentiae fuerint constantes,
differentiale quaesitum exhibet. Accommodata enim est haec formula ad differentias
constantes et simul lex patet, si forte ulterius progredi necesse sit.

379. Quodsi series A+B+C + D +etc., ex qua formatur functio inexplicabilis

1 2 3 4 ... X
S=A +B + C+D +---+ X,

ita fuerit comparata, ut eius termini infinitesimi evanescant, tum, uti iam notavimus, erit
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dS =-d .(X XXM X +etc.)
—%dd.(X'+ X"+ XM 4 X" +etc.)

—%d?’.(X' + X"+ X" X +etC.)
—2—14d4.(X' + X" XM+ XM +etc.)
etc.

Sin autem illius seriei termini infinitesimi non sint =0, sed tamen differentias
habeant evanescentes, tum ad istam expressionem insuper addi debet

+ X" X™ME X" X"+ ete.
dx< X'
—X'— X" XM X" —etc,

Verum si terminorum infinitesimorum huius seriei A+ B+C + D +etc.
differentiae demum secundae evanescant, tum praeterea adiici oportet

+ X™M4+ X"+ X™  + etc.
+X"

—2X"=2 X"-2X""— etc.
X!

+ X'+ X" + X™ + etc.

dx(dx-1)
12

Atque si memoratorum terminorum infinitesimorum differentiae demum tertiae
fuerint evanescentes, tum praeter has iam exhibitas expressiones insuper addi debet

+ X"+ XM+ XM+ ete.
+X"
—3X™M =3X"-3X""—etc.
dx(dxlé)':(%dx 2) _ox
+3X" +3X™ +3X""+etc.
+X!
- X' =X" =X" —eftc.

Sicque porro expressiones insuper addendae erunt comparatae, si ulteriores demum
differentiae terminorum infinitesimorum seriei A+ B+ C + D +etc. evanescant. Hincque
adeo, quaecunque series assumatur, dummodo eius termini infinitesimi tandem ad
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differentias evanescentes perducantur, functionis inexplicabilis ex ea formatae differentiale
definiri poterit.

380. Si ponatur x=0, fiet X'=A, X"=B, X" =Cetc. Quareuti A+B+C+D + etc.
est series, cuius terminus generalis est X, si ex terminis generalibus

dX ddx d3X d*x
o , , etc.
dx 2dx? ' 6dx® ' 24dx*

simili modo formentur series infinitae earumqgue summae denotentur per litteras
2A,9B,¢,D etc. respective, summa @ terminorum seriei

A+B+C+ D +etc.

ita exprimetur, ut perinde sit, sive @ sit numerus integer sive secus. Scribamus
ergo x pro w, ut sit

1 2 3 4 - X
S=A +B + C+D +---+ X,

atque si huius seriei termini infinitesimi evanescant, erit

S =—Bx—x2—Dx° —ex* —etc.

At si termini infinitesimi differentias saltem primas habeant constantes, tum ad hunc
valorem insuper addi debet hic

+B+C+D+E +etc.
X< A
—A- B- C-D-—etc.

Sin autem illorum terminorum infinitesimorum differentiae demum secundae
evanescant, tum praeterea addi debet

+ C+ D+ E+ F+etc.
+B

—-2B-2C-2D - 2E —etc.
-A

+A +B + C+ D+etc.
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Si differentiae demum tertiae fuerint evanescentes, tum insuper adiici debet haec series
infinita
+ D+ E + F+ G+etc.
+C
—3C -3D —-3E - 3F —etc.
x(x-1)(x-2) | —2B
123 +3B +3C +3D + 3E +etc.
+ A
-A-B - C -D-etc.
etc.

381. Accommodemus haec quoque ad alterum functionum inexplicabilium genus, quae
constant continuo producto terminorum aliquot seriei propositae
A+B+C+D +etc., sitque

123 4. x
S=A-B-C-D-X,

et quaeratur primo valor X', in quem S transmutatur, si loco x scribatur x + @ ; ponamus
autem ut ante esse Z terminum seriei A+ B+ C + D +etc., cuius index sit = x+ @, uti X
respondet indici x. Quo ergo hunc casum ad praecedentem reducamus, sumamus
logarithmos eritque

IS=IA+IB+IC+ID+---+IX.

Quodsi iam huius seriei termini infinitesimi evanescant, erit eandem methodum, qua ante
usi sumus, adhibendo

12 = IS+ IX"+IX"+IX"+etc.
—1Z2'— 1Z2"— 12" —etc.

hincque ad numeros regrediendo erit

quae ergo expressio valet, si seriei A, B, C, D etc. termini infinitesimi unitati aequentur.
Sin autem logarithmi terminorum infinitesimorum huius seriei non evanescant, at tamen
differentias habeant evanescentes, tum ad illam seriem, quam pro IS invenimus, insuper
addi debet haec series
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' X" X" X"
wlX +a)<|T+IT+|W+etC.)

sicque numeris sumendis habebitur

_ ) Xnn) x-l—w xu-(u X nl-o xuun) Xml—w
2=5-X"" 5 i . o -etc.
382. Quodsi ergo ponamus x=0,quocasufit S=1et X'=A, X"=B, X" =Cetc., 2
denotabit productum ¢ terminorum huius seriei A,B,C,D etc. Si igitur pro @ scribamus
X, ut X obtineat valorem, quem ante ipsi S tribueramus, ita ut sit

1 2 3 4 ... X
S=A +B + C+D +---+ X,

quianunc Z', Z", Z™ etc. abeuntin X', X", X" etc., si logarithmi terminorum
infinitesimorum istius seriei A, B, C, D, E etc. evanescant, exprimetur
S hoc modo

Sin autem differentiae demum logarithmorum terminorum infinitesimorum seriei
A, B,C,D etc. evanescant, tum ista functio S sequenti modo exprimetur, ut sit

_ X . BXAlfx . CXBl—X . DXcl—X . EXlex . .
S=A"-5 G G T

si illorum logarithmorum differentiae secundae demum sint evanescentes, ex
praecedentibus facile colligitur, cuiusmodi factores insuper addi debeant; quem casum, cum
vix occurrere soleat, hic praetermittamus. Ceterum usum harum expressionum in
interpolationis negotio capite sequente ostendam.

383. Hic igitur cum differentiatio huiusmodi functionum inexplicabilium potissimum sit
proposita, investigemus differentiale huius functionis

S=A-B-C-D---X.
Ad hoc resumamus aequationem ante inventam

12 = IS+ IX"+IX"+IX"+etc.
—Z'— 12" - 12" —etc.
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et cum IZ oriatur ex IX, si loco x ponatur X+ w, erit

1Z=1X +2dIX + A3 IX +etc.

2d2

quibus valoribus pro 1Z°, 1Z", 1Z™ etc. substitutis habebitur

12 =18 —2.d.(IX "+ IX"+IX "+ X" + etc.)

= dd (IX "+ IX "+ X X et )

=2 d3 (IX X X X et

etc.

Ponatur nunc o = dx fietque 1.2 =IS +d.IS ideoque erit

8 =g (IX "+ IX "+ IX ™"+ IX ™"+ etc.)
_idd .(IX'+ IX"HIX™M X"+ etc.)
— L3 (IX XXX ete)

etc.,
quae formula valet, si logarithmi terminorum infinitesimorum seriei A, B, C, D etc.

evanescant; sin autem ipsi non evanescant, attamen differentias habeant evanescentes,
tum ad praecedentem differentialis completi expressionem insuper addi debet haec series

dxIX +dx(|—+| X +etc)

ut obtineatur differentiale completum.

384. Idem adhuc alio modo praestari potest. Ponatur x =0, quo casu abit IS in 0. Tum
formentur series, quarum termini generales sint

X dIX  ddIx  ddX
ax ' 2dx® ' edx® etc.,

harumque serierum infinitarum summae sint respective 2,8,&,® etc. Scribatur X prow, ut
sit 2’ =S, eritque

IS = —Bx — x? — Dx° — ex* —etc. ,
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siquidem logarithmi terminorum infinitesimorum seriei A, B, C, D etc., cuius terminus
generalis est X, evanescant; at si horum logarithmorum differentiae demum evanescant, erit

1S = xIA+x(I18+1S+12+1E~+etc)
—Bx—Ex? - Dx° — &x* —etc.
Hincque adeo differentiale ipsius IS erit
ds _ B,.|C.,.|D|E
B —dlA+dx (1B +1S+12+1E +etc)
—Bdx — 2¢xdx — 3Dx2dx — 4Ex dx — etc.
At si differentiale completum desideretur, erit id
ds _ B,|C,|D,|E
F=dxIA+ dx(IK+I§+IE+IB+etC.)

—Bdx — ¢(2xdx + dxz) - Z)(SXde +3xdx? + dx3) —etc.

Ad quarum formularum. usum ostendendum sequentia exempla adiicimus, quae utroque
modo resolvemus.

EXEMPLUM 1
Invenire differentiale huius functionis inexplicabilis

Hic ante omnia notandum est terminos infinitesimos horum factorum abire in unitates
ideoque eorum logarithmos evanescere. Cum igitur sit X = % erit

v 2x+1 no__ 2%x+3 mo_ 2x+5
X'= 2x+2" X" = 2x+4 " X" = 2X+6 etc.

et generaliter

I _ 2x+2n-1.
X = 2x+2n

unde erit
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Ix Il = I(2x+2n-1)-1(2x+2n)

T 2x4+2n-1  2x+2n

d.|X‘n‘ _ _ 2dx 2dx

ddIx " =—_40¢ ., _40¢
(2x+2n-1)*  (2x+2n)?

3 3
d3ax N = 4 _224d¢ _ 2240

(2x+2n-1)*  (2x+2n)’
d4IxIn = 4 2246d¢' _ 2246dx"
(2x+2n-1)*  (2x+2n)*

etc,

unde erit differentiale completum

1 1 1
ds 2q { 2x+1 + 2x+3 +2x+5 +etc'}
5 = elX

__1 __1 __1 _
2X+2 2x+4 2X+6 etc.

1l 4+ 1 4+ 1 .etc
(2x+1)"  (2x+3)"  (2x+5)

3 1 1 1 __etc

(2x+2)*  (2x+4)  (2x+6)

L+ 1 + 1 _jetc
(2x+1)"  (2x+3)"  (2x+5)
2 1 1 1
- - - — etc.
(2x+2)°  (2x+4)’  (2x+6)’

Quodsi autem tantum differentiale primum quaeratur, erit id

ds _ 1 1 1
ST ‘de'((zx+1)(zx+z) T s T 2z O

quod idem altera methodo 8§ 394 tradita ita investigatur. Cum sit

—|2x-1
IX =121,
erit
diX —_2 1 ddIX ___ 2 1
dx 2x—1  x’  2gx? (2x—|)2 2xx !
3
d°IX _ 8 1 etc.

6’  3(2x-1) 3
ideoque fiet
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1113415412
Ql_l2 I4+I6+I8+etc.

+
212424242 ¢t
B — =212

1irdl+li+lqete
co_4 1732 5 2
To2)_1_ 111 _ g

YT g oo

1,1,1.1

1vl+l4 1 et
o 8, 1 ¥ 5 7
=3

@:_ﬁ 1 34 54
4 1_1_1_1 t
TP e e g e
etc.

sive erit

Quibus valoribus inventis substitutis erit

ds :—2dx(1—%+% - +%—etc.)

+4xdx (1—2—12+3i2—4%+5l2—etc)
2
- 8x dx(1—2—13+3—13—4—13+5—13—etc)
3
+16x dx(l—2%+3%—4%+ 14—etc)
etc

Siigitur sit x=0, quo casu fit IS=0et S=1, erit dS =-2dxI2.
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EXEMPLUM 2
Invenire differentiale huius functionis inexplicabilis

S=12-3-4---X.

Huius seriei 1, 2, 3, 4 etc. termini in infinitum ita crescunt, ut logarithmorum
differentiae evanescant; est enim

|(oo+1)—|oo:|(1+%):%=0..
Cum igitur sit X = x, erit

X'=x+1 X"=x+2, X" =x+3 etc.;
porro autem ob IX =Ix fiet

dIX =9 ddIX =-9  g3Ix =28¢ g4 = —239C etc;

X X X

unde si logarithmi ultimi evanescerent, foret

ds _ _ 1 1 1 1
- dx(x+1 + X+2 +x+3 +x+4 +etc.)

e B R T e e A
2 ((X-i—l)z (x+2)2 (x+3)2 (x+4)2

dx® 1 1 1 1
- + + + +etc.
( (x+1)3 (x+2)3 (x+3)3 (x+4)3 ]

etc.

At cum differentiae demum logarithmorum evanescant, insuper addi debet haec expressio

X+2 Xx+3 X+4 X+5
ol (X 1)+ dx (1252 4 | X234 | X244 | 258 gtc ),

Quia vero est

[x«2_ 1 1 4 1 1 _4etc,
x*+ooxtl o p(xa1)? 3(x4)t 4(xs)t

]xe3_-_1 1 . 1 1 _4oetc
X+2  X+2 p(x42)°  3(x+2)°  4(x+2)

etc.
erit verum differentiale completum
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(x+2)5 (x+3)5 (x+4)5

das _ _1 2 1 1
& =dxl(x+1) 2 dx dx )( o (X+2 (X+3)2 + i +etc J
_1 3 1 1
3 dX x )[ x+1)* x+2 (x+3)3 ¥ (x+4)3 +etcj
% dx dx4)( 14 1 +etc.j
(x+1 x+2 (x+3) (x+4)
~1({dx—dx® 1 1 1
5(dx dx )( — + + +etcj

etc

Sin autem altero modo differentiale hoc exprimere velimus, quia est

3 4
X =|x QX _1 ddIx __ 1 dX _ 1 dUX _ 1 g
Todx X' 2dx? 2x2 7 edx®  3x®' 24dx* 4 !

habebuntur sequentes series
A= 11+12+13+14+15+etc.

B = 1(1+l+% +4 +l+etc.)

¢=

Nll—‘

1+ =+ = +42+52+etc)

lt)

+

W~

(1+ + L+l +53 + etc.
:—%(1+ 4 +3 + L+l +etc)
5*

etc.

Hinc ob IA=11=0fietex § 384
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— 2131415

IS = X<|1+|2+| +I4+etc.)
1

+ 4+etc.)

+ 4—12 + etc.)

Binae autem primae series, per quas x est multiplicatum, etiamsi utraque habeat summam
infinitam, tamen ambae simul summam habent finitam. Si enim utriusque n termini
capiantur, prodibit

At supra (8142a) invenimus esse

1,1, 1. .41_ 1A B
1+5+5+5+-+=Const.+In+-- on? T ant etc.

haecque constans prodit =0,5772156649015325. Quodsi ergo ponatur n = oo,
erit

1+ 5+3+2+-+L=Const.+lo,
o0

unde binarum illarum serierum in infinitum continuatarum valor erit

=1(o0+1)—Const.— loo=— Const.

Ex quo erit
IS =—x-0,5772156649015325

+1x2 (1414141 yetc.
2 22 32 42

_1y3 4,1, 1
3 X (1+23+33+43+etc.)

14 141,11
+7X (1+24+34+44+etc.)
etc.

unde differentialia cuiusque ordinis facile reperiuntur. Erit enim
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@ — —dx-0,5772156649015325

+xdx (1+ R 12+etc.)
22 ¢ 4 5

—xzdx( + L+l Ly 13+etc)
23 £ 5

3
+x°dx (1 + 2—14+3%+ Aﬁ+ 5%+etc.)
etc.
At si hae series in unam colligantur, erit

das _ d d d d
& =-0dx-0,5772156649015325 + 1(’i+>;) + 2(’;+XX) + 3(>§+XX) + 4(’Z+XX) + etc.

Quare si sit x=0, fiet
- —dx-0,5772156649015325.

Ex priori vero expressione hoc casu erit

m|m

l\.)ll—‘
o
X
'_\
+
D
—
O

v

1+ + + +etc)

385. Hinc ergo etiam huiusmodi functionum inexplicabilium differentialia quovis casu
speciali exhiberi possunt, propterea quod hic differentialia completa eruimus. Quamobrem
si tales functiones ingrediantur in expressiones, quae indeterminatae videntur, cuiusmodi
capite praecedente tractavimus, valores eadem methodo definiri poterunt, uti ex adiunctis
exemplis intelligetur.

EXEMPLUM 1
Determinare valorem huius expressionis

Ig+itit+y 1
x(x-1) (x-1)(2x-1)

eo casu, quando poniturx=1.

Ponamus

1,11, .. 41_g:
I+5+5+4++5=S;
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eritex § 372

S= x( 1+%+%+%+etc.)
22 ¢4

—x2(1+%+3—13+4—13+etc.)

+x3( 1+L1 4.1 +l+etc.)

28 T3t gt
etc.
Seu cum sit quoque
— 1.1 1.1 -1 1 1 1 _ 1 _
S_1—’_2—'_3+4+5+etc' 14X 24X 34X 4+Xx  5+x etc.,

si quivis terminus superioris seriei cum praecedente inferioris combinetur, prodibit

- x=1 x=1 x—1
s=l+ 2(1+x) * 3(2+x) * 4(3+x) +etc.,

quae expressio, quoniam poni debet x =1, est commodior. Sitergo x=1+®
fietque

S=1+ 2(2aiw) + 3(3a+)w) + 4(46160) +etc.

sive

S =1+a)(2—12+3—12+4—12+5%+etc.)=1+€3a)

21,1 ,1 .1 2
- (?+§+4—3+5—3+etc.) —Q:a)
3(1,1,1 .1 3
+w (?+3—4+?+5—4+etc.) +Dw
etc. etc.

Tota ergo expressio posito x =1+ @ abibit in hanc

4+ Bo-Co’+Do’—etc. 1
o(l+w) o(1+2w)

seu

+Bo+2B w0’ —Cw’—etc. _ 1B +2B o-Co—etc.
o(l+o)(1+2) (Hto)(1+20)

Ponatur nunc @ =0 atque expressionis propositae valor casu x =1 erit
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:1+SB:1+2—12+3%+4—12+etc.;
quae series cum sit = %nz, sequitur valorem quaesitum esse = %nz.

EXEMPLUM 2
Invenire valorem huius expressionis
oxexx , _mmx (2X (L))
(x-1)* ~ 6(x-1) X(x-1)°
casu, quo ponitur x=1.

Ponatur 1+ 3 +%+4+---+1 =S statuaturque x =1+ w; fiet, ut in exemplo praecedente

374
invenimus,
S=1+Bw-Ca’+Dw’ —etc.
existente
B= ottt tett=gmr-1
C= L+t +orretc

_1 1 1 1
@—2—4+3—4+4—4+5—4+etc.

etc.

Posito ergo x =1+ @ expressio proposita induet hanc formam

oo , 1+B)(1+e) (1+20)(1+Bo-Co’+D o’ etc)

0w ) (1+a))a)2 '

quae ad eandem denominationem 2(1+ a)) perducta fit

Ho-0"-0°+0+20°+0° +B o(1+20+00 ) -1-Bo+C0° D 0’ -20-2B 0*+2¢C 0’ —¢tc.
o’ (L+o)

quae reducitur ad hanc formam

D’ +C D’ +B°+2C 0’ -D )+ etc.
o’ (L) '

Fiat nunc @ =0 atque prodibit 1+ € . Quocirca expressionis propositae valor casu x =1
erit =1+ € ideoque per hanc seriem exprimetur

1,1,1 .1 .
1+?+¥+4—3+¥+etc. ;
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cuius summa cum neque per logarithmos neque per peripheriam circuli exhiberi possit,
valor quaesitus etiamnum alio modo finite assignari non potest. Ex his ergo duobus
exemplis usus, quem differentiatio functionum inexplicabilium in doctrina serierum habere
potest, satis luculenter perspicitur.

386. In methodo hic tradita functiones inexplicabiles differentiandi assumsimus seriei
A,B,C,D,E etc. terminos infinitesimos vel esse =0 vel differentias tandem evanescentes

habere; quorum si neutrum contingat, ista methodo uti non licebit. Hanc ob rem aliam
exponam methodum huic conditioni non adstrictam, quam summatio generalis serierum ex
termino generali petita et supra [cap. V] fusius explicata suppeditat. Denotent igitur
litterae 2A,B,¢, D, € etc. numeros BERNOULLIANOS § 122 exhibitos sitque functio

inexplicabilis proposita haec

1 2 3 4 ... X
S=A +B + C+D +---+ X,

et quia supra (8130) ostendimus fore

3 5
S:Jde+lX+9‘dX— BdX | __CX ___ e,
2 L2dx  1.2.34dx®  1.2:3456dx°

hinc facile erit istius functionis S differentiale exhibere; erit enim

4 6
dS = Xdx +L1dx +2ddX __BAdX_ __€d’X ___ ppc,
2 12dx  1.2.34dx®  1.23456dx°

387. Sin autem progressio proposita coniuncta sit cum geometrica, quo casu termini eius
infinitesimi nunquam ad differentias constantes reducuntur ac propterea methodus prior

locum invenit nullum, tum methodus 8174 tradita medelam afferet. Si enim proposita sit
haec functio

S=Ap+Bp2+Cp+Dp*+---+ Xp¥,
quaerantur valores litterarum «, S, 7, & etc., ut sit

PL 1+ au+ pu+ pud+out + eud et
—€

quibus inventis, uti eos § 173 exhibuimus, erit

P X[y _adX | BAdX  yd*X L SdX _ate |+
S= 1 P (X X T g o T et + Constante,
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quae summam reddat =0, si ponatur x =0, seu quae cuiquam alii casui satisfaciat. Sumto
ergo differentiali haec constans ex computo abibit eritque

_ P X _adX , pddX X sdix
dS = 51 P dep(X ix T R etc.

P X _ addx , Ad°X _ yd*X
+p_1 p (dX dX + dX2 dX3 +etC

sive
dS =23 Xdxlp— (alp ~1)dX +(lp— @) X (ylp - §)£X +etc),

quod est differentiale quaesitum functionis propositae S.

388. Sin autem functio inexplicabilis proposita ex factoribus constet eorumque logarithmi
infinitesimi differentias habeant constantes sive minus, tum hac quoque methodo
differentiale functionis perpetuo exhiberi poterit.
Sit enim
1 23 4..-%x
S=A-B-C-D---X.
Quia hinc fit

IS=IA+IB+IC+ID+---+1IX,

methodo superiori numeros BERNOULLIANOS in subsidium vocando erit

_ 1 AdIX _ Bd3IX
15 = [axIX + 11X + 2D BEIK gt

qua expressione differentiata fit

ds _ 1 Add.IX _ Bd*IX edbIx  DdilIX
g = IXIX +5dIX + =55 — 15 340x + T234560x ~ 123456780 T €LC-

Hinc si fuerit X = x, ut sit

S :1.2.3.4...X’
fiet applicatione facta

das _ dx _ 2Adx , Bdx _ &dx , Ddx _
o =dXIx+ 35— ot e T e etc.,

quae forma, si x sit numerus valde magnus, commodius usurpatur quam eae, quas ante
invenimus.



